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Holomorphic vector bundles over Riemann surfaces

Let X be a compact Riemann surface of genus g.

Smooth classification: rank and degree (1st Chern class).

Line bundles: Picard group, Pic(X) = H1(X,O∗X).
Components of fixed degree Picd(X) are isomorphic to the Jacobian

J(X) =
H1(X,OX)

H1(X,Z)
.

g = 0, Grothendieck (1957).

g = 1, Atiyah (1957).

g ≥ 2?

For now on, assume g ≥ 2.
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Stable vector bundles

Definition

A holomorphic vector bundle E → X is stable if for every proper holomorphic subbundle
E′ ⊂ E,

degE′

rkE′
<

degE

rkE
.

Notion of stability arising from Mumford’s GIT.

Moduli space of stable vector bundles: N (n, d)
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Holomorphic structures as Dolbeaut operators

Definition

Let E be a smooth vector bundle of rank n and degree d over X. A holomorphic structure
on E is an operator

∂̄E : Ωp,q(X,E) −→ Ωp,q+1(X,E)

which satisfies
∂̄E(αψ) = (∂̄α)ψ + (−1)pα ∧ ∂̄Eψ.

∂̄2E = 0 is the integrability condition for the PDE ∂̄Es = 0.

The solutions of ∂̄Es = 0 are holomorphic vector functions (locally free sheaf over OX).

E = (E, ∂̄E) is a holomorphic vector bundle.
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The gauge-theoretic point of view

(E, h) smooth complex Hermitian vector bundle of rank n and degree d over X.

h-unitary connections←→ Holomorphic structures on E
∇ 7−→ ∇0,1

A set of irreducible h-unitary connections on (E, h).

G group of unitary gauge transformations of E.

G acts on A by conjugation with momentum map

µ : A −→ Lie(G)

∇ 7−→ F∇ − 2πi
d

n
1EωX .

Symplectic quotient: A//G = µ−1(0)/G.
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The gauge-theoretic point of view

Theorem (Donaldson’s version of Narasimhan–Seshadri)

An irreducible h-unitary connection ∇ satisfies

F∇ = −2πi
d

n
1EωX

if and only if (E,∇0,1) is stable.

Consequence:
N (n, d)←→ A//G.
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The Hitchin system

T ∗[E]N (n, d) ∼= H0(X,EndE ⊗KX).

(E,ϕ) ∈ T ∗N (n, d), ϕ : E → E ⊗KX , characteristic polynomial:

Pϕ(T ) = det(T − ϕ) = Tn +

n∑
i=1

σi(ϕ)Tn−i.

Hitchin fibration:

H : T ∗N (n, d) −→ B :=

n⊕
i=1

H0(X,Ki
X)

(E,ϕ) 7−→ (σ1(ϕ), . . . , σn(ϕ))

Fibres?
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The spectral correspondence

ϕ : Cn → Cn endomorphism :

λ1, . . . , λn ∈ C eigenvalues of ϕ,

v1, . . . , vn ∈ Cn eigenvectors of ϕ.
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The spectral correspondence

E → X holomorphic vector bundle.
ϕ : E → E vector bundle
endomorphism :

λ1(x), . . . , λn(x) ∈ C
eigenvalues of ϕx : Ex → Ex,

v1(x), . . . , vn(x) ∈ Cn
eigenvectors of ϕx : Ex → Ex.

Spectral curve:

Sϕ = {(x, λi(x)), i = 1, . . . , n} ⊂ X×C.

Sϕ
π−→ X ramified cover.
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The spectral correspondence

E → X holomorphic vector bundle.
ϕ : E → E ⊗ L twisted vector
bundle endomorphism :

λ1(x), . . . , λn(x) ∈ Lx
eigenvalues of
ϕx : Ex → Ex ⊗ Lx,

v1(x), . . . , vn(x) ∈ Ex
eigenvectors of
ϕx : Ex → Ex ⊗ Lx.

Spectral curve (locally):

Sϕ = {(x, λi(x)), i = 1, . . . , n} ⊂ L.

Sϕ
π−→ X ramified cover.
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The spectral correspondence

Theorem

Let b ∈
⊕n

i=1H
0(X,Li) such that the spectral curve Sb is irreducible and smooth. There is a

bijective correspondence

Picδ(Sb)←→ {[(E,ϕ)]|Pϕ(T ) = Pb(T ), rkE = n,degE = d}
[L] 7−→ [(π∗L, π∗λ)].

with

δ = d+
n(n− 1)

2
d.

Hitchin (1987) for L = KX .

Beauville, Narasimhan and Ramanan (1989) for general L.
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The Hitchin system

(E,ϕ) ∈ T ∗N (n, d), characteristic polynomial:

Pϕ(T ) = det(T − ϕ) = Tn +

n∑
i=1

σi(ϕ)Tn−i.

Hitchin fibration:

H : T ∗N (n, d) −→ B :=

n⊕
i=1

H0(X,Ki
X)

(E,ϕ) 7−→ (σ1(ϕ), . . . , σn(ϕ))

The fibres are open (stability) subsets of tori, H−1(b) ⊂ Picδ(Sb) ∼= J(Sb).

What about the remaining points of the Jacobian?
Wider notion of stability for pairs (E,ϕ).
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Higgs bundles

Definition

A Higgs bundle is a pair (E,ϕ) where E → X is a holomorphic vector bundle and the Higgs
field ϕ : E → E ⊗KX is a KX -twisted endomorphism.
A Higgs bundle (E,ϕ) is stable if for every proper holomorphic subbundle E′ ⊂ E such that
ϕ(E′) ⊂ E′ ⊗KX

degE′

rkE′
<

degE

rkE
.

Moduli space of stable Higgs bundles: M(n, d)

Hitchin (1987), Simpson (1988), Nitsure (1991)

The Hitchin fibration extends to a proper map H :M(n, d)→ B.
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The gauge-theoretic point of view

(E, h) smooth complex Hermitian vector bundle of rank n and degree d over X.

Hitchin’s equations: (∇, ϕ) ∈ A× Ω1,0(X,End E).{
F∇ + [ϕ,ϕ†] = −2πi dn1EωX

∇0,1ϕ = 0.

Hitchin–Kobayashi correspondence:

Irreducible solutions of Hitchin’s equations←→ Stable Higgs bundles

Guillermo Gallego (UCM) Higgs bundles twisted by a vector bundle Máster de Matemáticas Avanzadas 14 / 20



Higgs bundles twisted by a vector bundle

Definition

Let V → X be a rank r holomorphic vector bundle. A V -twisted Higgs bundle is a pair
(E,ϕ), where E → X is a holomorphic vector bundle and ϕ : E → E ⊗ V with

ϕ ∧ ϕ = 0 in EndE ⊗ Λ2V.

The condition ϕ ∧ ϕ = 0 means that the components of ϕ commute, [ϕi, ϕj ] = 0.

Same stability condition than that for (classical) Higgs bundles.

Moduli space: MV (n, d).

Studied by D. Xie and K. Yonekura in the context of N = 1 supersymmetric gauge
theories.
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The gauge-theoretic point of view

(E, h) smooth complex Hermitian vector bundle of rank n and degree d over X.
Fix hV Hermitian metric on the holomorphic vector bundle V → X.

Generalized Hitchin’s equations: (∇, ϕ) ∈ A× Ω0(X,End E⊗ V )
F∇ + [ϕ,ϕ†]h,hV ωX = −2πi dn1EωX

(∇0,1 ⊗ 1V + 1End E ⊗∇0,1
V )ϕ = 0

ϕ ∧ ϕ = 0.

Hitchin–Kobayashi correspondence:

Irreducible solutions of generalized Hitchin’s equations←→ Stable V -twisted Higgs bundles
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The generalized Hitchin system

(E,ϕ) ∈MV (n, d), characteristic polynomial:

Pϕ(T ) = det(T − ϕ) = Tn +

n∑
i=1

σi(ϕ)Tn−i.

Hitchin fibration:

HV :MV (n, d) −→
n⊕
i=1

H0(X,SymiV )

(E,ϕ) 7−→ (σ1(ϕ), . . . , σn(ϕ))

Not surjective!! BV = imHV
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The generalized spectral correspondence

The spectral curve can be defined analogously in V , as the solutions of Pϕ(T ).

The number of equations is bigger than the dimension. However. . .

Main idea: Since the components of ϕ commute, generically they can be diagonalized
simoultaneously and can be written as polynomials of one of them.

Theorem

Take b ∈ BV such that the spectral curve Sb is integral and smooth. Then there is a bijective
correspondence

Pic(Sb)←→ {[(E,ϕ)]|Sϕ = Sb} .
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Open questions and further directions

Open questions:

Complete the Hitchin-Kobayashi correspondence.

GIT construction of the moduli space.

Computation of the dimension of MV (n, d) using deformation theory.

Genus of the spectral curve and relationship between the degrees.

Conditions for the curve to be smooth.

Study the ramification divisor.

Further directions:

Study the case V = L1 ⊕ L2 with L1 ⊗ L2 = KX (V is Calabi–Yau).

Donaldson–Thomas invariants.
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