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The Hitchin fibration for GL,,

> R algebraically closed field, X/k smooth projective curve, L — X line bundle,
> M, = {(E.¢) : E— Xrankn vector bundle, ¢ : E > E® L},

> “[-twisted Higgs bundles”. Usual Higgs bundles when L = Q}(, in that case, NAH and MH,Q} is
algebraic symplectic (and hyperkahler if k = C).

> An = P, HOX, L®).
» The Hitchin fibration is the map
hoy : Mn,L — ﬂn,L
(E,@) ¥ (p1(®), - - - Pn(@))s

where

Z pi(@)t" = det(t - ¢).
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The Hitchin fibration for general G

>
>
>
>
>

G/k reductive algebraic group,

M = {(E,go) : E — X principal G-bundle, ¢ € HY(E Xaq §) ® L},
{p1,...,pn} abasis of k[g]®, d; = deg pj,

Asy = P HO(X, LO%).

Hitchin fibration

he : Mg — Asy
(E.@) ¥ (P1(®): - -, Pa(®))
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The fibres for GL,

Theorem (Hitchin, Beauville-Narasimhan-Ramanan)

Under mild conditions on L, the general fibre of h,, : Mp, — Ap, is an abelian variety isomorphic to
some component of the Picard group of an associated spectral curve.

> Fora € Ap,, the corresponding spectral curve is given by a ramified covering mg : X, — X
factoring through 7 : L — X, and such that the fibre 7, (x) C Ly is the set of eigenvalues of ¢,.

» The corresponding line bundle on X, is given by the eigenvectors.
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Chevalley restriction theorem

» What can we do for general G?

> Lett C g be a maximal Cartan subalgebra and W the corresponding Weyl group.
Theorem (Chevalley)

The restriction map k[g] — R][t] induces an isomorphism

k[a]® — k[t]".

Equivalently, we get an isomorphism
t/W— g/ G.

Guillermo Gallego (UCM — ICMAT)

The Hitchin fibration: Analogues and generalizations

RSME-UMA II, Ronda
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Cameral covers

> Note that (P;_, L®% = L Xg, (3 / G) = L Xg, (t/W).
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Cameral covers

> Note that (P;_, L®% = L Xg, (3 / G) = L Xg, (t/W).
> Thus, given a € Ag, = HO(X, @7:1 L®%), we define the cameral cover X, — X as the pull-back

Xg — LXg, t

| l

X —— LXg, (t/W).

Theorem (Donagi-Gaitsgory)

The general fibre hg; : Mg, — Ag, is a gerbe banded by some sheaf of abelian groups over the
associated cameral cover.
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> M affine variety with a G-action.

Guillermo Gallego (UCM — ICMAT) The Hitchin fibration: Analogues and generalizations RSME-UMA I, Ronda 7/18



GIT quotients and stacky quotients

> M affine variety with a G-action.

> The orbit space M/G is not usually a scheme.

Guillermo Gallego (UCM — ICMAT) The Hitchin fibration: Analogues and generalizations RSME-UMA I, Ronda 7/18



GIT quotients and stacky quotients

> M affine variety with a G-action.

> The orbit space M/G is not usually a scheme.
> Two different approaches:

Guillermo Gallego (UCM — ICMAT) The Hitchin fibration: Analogues and generalizations RSME-UMA I, Ronda 7/18



GIT quotients and stacky quotients

> M affine variety with a G-action.

> The orbit space M/G is not usually a scheme.
> Two different approaches:
> GIT quotient: M / G = Speck[M]¢,

Guillermo Gallego (UCM — ICMAT) The Hitchin fibration: Analogues and generalizations RSME-UMA I, Ronda 7/18



GIT quotients and stacky quotients

> M affine variety with a G-action.

> The orbit space M/G is not usually a scheme.
> Two different approaches:

> GIT quotient: M / G = Speck[M]¢,

> Quotient stack: [M/G]| algebraic stack,

Guillermo Gallego (UCM — ICMAT) The Hitchin fibration: Analogues and generalizations RSME-UMA I, Ronda 7/18



GIT quotients and stacky quotients

> M affine variety with a G-action.

> The orbit space M/G is not usually a scheme.
> Two different approaches:

> GIT quotient: M / G = Speck[M]¢,

> Quotient stack: [M/G]| algebraic stack,

M/6](s) = {(E.¢) : E— SG-bundle @ € H*(Exg M)} .

Guillermo Gallego (UCM — ICMAT) The Hitchin fibration: Analogues and generalizations RSME-UMA I, Ronda 7/18



GIT quotients and stacky quotients

> M affine variety with a G-action.

> The orbit space M/G is not usually a scheme.
> Two different approaches:

> GIT quotient: M / G = Speck[M]¢,

> Quotient stack: [M/G]| algebraic stack,

M/6](s) = {(E.¢) : E— SG-bundle @ € H*(Exg M)} .

(Note that [pt./G] = BG).

Guillermo Gallego (UCM — ICMAT) The Hitchin fibration: Analogues and generalizations RSME-UMA I, Ronda 7/18



GIT quotients and stacky quotients

> M affine variety with a G-action.

> The orbit space M/G is not usually a scheme.
> Two different approaches:

> GIT quotient: M / G = Speck[M]¢,

> Quotient stack: [M/G]| algebraic stack,

M/6](s) = {(E.¢) : E— SG-bundle @ € H*(Exg M)} .

(Note that [pt./G] = BG).

» There is a natural map
M/G] — M J/ G.
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The stacky POV on the Hitchin fibration

> Start from the adjoint action of G and the homothecy action of G,, on g.

> The Hitchin fibration arises from the sequence

Mg, — AgL = @7:1 L& — 5 x

l l l

[G\Q/Gm] —> [(g//G)/Gm] —> [EBGm

Mg, = HO(X, M) — Ag = HO(X,AG,L)-

Guillermo Gallego (UCM — ICMAT)
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A general program
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A general program

> M affine variety (with some conditions) endowed with the action of two groups G and Z.

> Study Hitchin-type fibrations M — A arising from

[6\M/z] — [(M J/ G)/z] — BzZ.

> Obtain a gerbe from the theory of regular quotients (forthcoming work by Morrissey-Ngo).
> “Cameral covers” can be constructed when there is a “nice” description of the quotient M // G.

> We are going to study some examples arising naturally from the theory of Higgs bundles.

Guillermo Gallego (UCM — ICMAT) The Hitchin fibration: Analogues and generalizations RSME-UMA Il, Ronda
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> G reductive group with Lie algebra g.

> M=C%={(x1,...,x4) €% : [x,x] = 0} “commuting variety” .

» 7 = GLy. Fix V — X a rank d vector bundle.

» M = {(E,p) : E— XG-bundle, : E— E®V, suchthatg A ¢ = 0}.

RSME-UMA II, Ronda

10/18

Guillermo Gallego (UCM — ICMAT) The Hitchin fibration: Analogues and generalizations



Example 1: Higgs bundles twisted by a vector bundle

G reductive group with Lie algebra g.
M=Cd={(x1,....x) € 8% [xi,x] = 0} “commuting variety” .
Z = GLq. Fix V — X a rank d vector bundle.

M = {(E.¢) : E— X G-bundle,p : E > E®V, suchthatp A ¢ = 0}.

A subvariety of @?:1 HY (X, Sym?V), for d; = deg p;, and {p1, . .
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Z = GLq. Fix V — X a rank d vector bundle.
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Example 1: Higgs bundles twisted by a vector bundle

> G reductive group with Lie algebra g.

> M=C%={(x1,...,x4) €% : [x,x] = 0} “commuting variety” .

» 7 = GLy. Fix V — X a rank d vector bundle.

» M = {(E,p) : E— XG-bundle, : E— E®V, suchthatg A ¢ = 0}.

> A subvariety of @?:1 HY (X, Sym%V), for d; = deg p;, and {p1, . .., pn} a basis of k[@g]G.

M—A
(E.) — (p1(®), - - -, pn(®))-

»> When X is a smooth variety of dimension d and V = Q}(, this is the usual higher-dimensional
Hitchin fibration as defined by Simpson.
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Example 1: Spectral covers

» For G = GL, we can construct spectral covers.
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Example 1: Spectral covers
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d -~ d_ (pdy (M d

> G = sym"AL = (Ap X X AY) /S

> “Characteristic polynomial”

Xna 2 AL x Sym"AL — sym"k? 1 (x, [x1, . . ., Xn]) = (X = x1) oL (X = Xp).
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» For G = GL, we can construct spectral covers.

> ¢4 = symmAg = (A x " x AY) /.

“Characteristic polynomial”

v

Xna 2 AL x Sym"AL — sym"k? 1 (x, [x1, . . ., Xn]) = (X = x1) oL (X = Xp).

\4

Spectral covers constructed from
Xa 7 L XLy Xn_,; (0)

|

X L) VXGLd Sym”Az

1/18
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Example 1: Spectral covers

» For G = GL, we can construct spectral covers.
d -~ d_ (pdy (M d

> G = sym"AL = (Ap X X AY) /S

> “Characteristic polynomial”

Xna 2 AL x Sym"AL — sym"k? 1 (x, [x1, . . ., Xn]) = (X = x1) oL (X = Xp).

> Spectral covers constructed from

Xo — L X1y X74(0)

|

X L) VXGLd Sym”Az

> These spectral covers are not flat in general!
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Example 1: Spectral covers

» For G = GL, we can construct spectral covers.
d -~ d_ (pdy (M d

> G = sym"AL = (Ap X X AY) /S

> “Characteristic polynomial”

Xna 2 AL x Sym"AL — sym"k? 1 (x, [x1, . . ., Xn]) = (X = x1) oL (X = Xp).

> Spectral covers constructed from
Xo — L X1y, X,,_,;(O)
\L J/sz
x —2 V Xey Sym”Az.

> These spectral covers are not flat in general! But for dim X < 2 there are flat modifications
[Chen-Ngb].
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Example 1: Spectral covers

» For G = GL, we can construct spectral covers.
d -~ d_ (pdy (M d

> G = sym"AL = (Ap X X AY) /S

> “Characteristic polynomial”

Xna 2 AL x Sym"AL — sym"k? 1 (x, [x1, . . ., Xn]) = (X = x1) oL (X = Xp).

> Spectral covers constructed from

Xo — L X1y X74(0)

|

X L) VXGLd Sym”Az
> These spectral covers are not flat in general! But for dim X < 2 there are flat modifications

[Chen-Ng6]. In [G-Garcia-Prada—-Narasimhan] we study them in detail for some cases over
dimXx = 1.
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Example 2: Higgs bundles for symmetric pairs

> G reductive group, 6 € Auty(G). 6° = {g € 6: 6(g) = g}.
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> WhenL = Q}(, M is naturally an algebraic Lagrangian submanifold (A-brane) of the moduli of
G-Higgs bundles. Connections to mirror symmetry.

> When k = C, NAH relates M with the character variety with values on the real form of G
associated to 6.
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» 7 = Gy, FixL — Xa line bundle.

> M ={(E, ) : E—> XG6-bundle, ¢ € H'(E(m) ® L)}.

> WhenL = Q}(, M is naturally an algebraic Lagrangian submanifold (A-brane) of the moduli of
G-Higgs bundles. Connections to mirror symmetry.

> When k = C, NAH relates M with the character variety with values on the real form of G
associated to 6. “Higgs bundles for real groups”.

Guillermo Gallego (UCM — ICMAT) The Hitchin fibration: Analogues and generalizations RSME-UMA I, Ronda 12/18



Example 2: Higgs bundles for symmetric pairs

> G reductive group, 6 € Auty(G). 6° = {g € 6: 6(g) = g}.

> M =m = —1 eigenspace of d;0 : g — g.

» 7 = Gy, FixL — Xa line bundle.

> M ={(E, ) : E—> XG6-bundle, ¢ € H'(E(m) ® L)}.

> WhenL = Q}(, M is naturally an algebraic Lagrangian submanifold (A-brane) of the moduli of
G-Higgs bundles. Connections to mirror symmetry.

> When k = C, NAH relates M with the character variety with values on the real form of G
associated to 6. “Higgs bundles for real groups”.

> Cameral covers are constructed from the Kostant-Rallis isomorphism:
8 ~
R[m]®" — ko],

for a € m a maximal abelian subalgebra and Wy the so-called “little Weyl group”.
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G reductive group, 6 € Auty(G). 6° = {g € 6: 6(g) = g}.

M = m = —1 eigenspace of d10 : g — g.

Z = G,,. FixL — X a line bundle.

M = {(E,¢) : E—> X G®-bundle, ¢ € H*(E(m) ® L)}.

When L = Q}(, M is naturally an algebraic Lagrangian submanifold (A-brane) of the moduli of
G-Higgs bundles. Connections to mirror symmetry.

When k = C, NAH relates M with the character variety with values on the real form of G
associated to 6. “Higgs bundles for real groups”.

Cameral covers are constructed from the Kostant-Rallis isomorphism:
8 ~
R[m]®" — ko],

for a € m a maximal abelian subalgebra and Wy the so-called “little Weyl group”.

Hitchin fibres studied by Peon-Nieto and Garcia-Prada in the quasisplit case and more generally in
forthcoming work by Morrissey and Hameister.
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Example 2: Higgs bundles for symmetric pairs

vVvyVvyVvyy

G reductive group, 6 € Auty(G). 6° = {g € 6: 6(g) = g}.

M = m = —1 eigenspace of d10 : g — g.

Z = G,,. FixL — X a line bundle.

M = {(E,¢) : E—> X G®-bundle, ¢ € H*(E(m) ® L)}.

When L = Q}(, M is naturally an algebraic Lagrangian submanifold (A-brane) of the moduli of
G-Higgs bundles. Connections to mirror symmetry.

When k = C, NAH relates M with the character variety with values on the real form of G
associated to 6. “Higgs bundles for real groups”.

Cameral covers are constructed from the Kostant-Rallis isomorphism:

6

kR[m]® — k[a]"e

]

for a € m a maximal abelian subalgebra and Wy the so-called “little Weyl group”.

Hitchin fibres studied by Peon-Nieto and Garcia-Prada in the quasisplit case and more generally in
forthcoming work by Morrissey and Hameister. Regular quotients arise in this context.
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Example 3: The multiplicative Hitchin fibration

> G semisimple simply connected group, M = G endowed with its adjoint action.
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where T is a maximal torus and W is the Weyl group.
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> Introduced by Hurtubise-Markman as an example of a particular class of algebraically integrable
systems (for X an elliptic curve).
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> Problem: No Z in principle. Two (equivalent) approaches: “meromorphic sections” and “monoids”.

> Introduced by Hurtubise-Markman as an example of a particular class of algebraically integrable
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Example 3: The multiplicative Hitchin fibration

G semisimple simply connected group, M = G endowed with its adjoint action.

Idea: Construct a Hitchin fibration from the map
[G/G] — G/ G=T/w,

where T is a maximal torus and W is the Weyl group.
Problem: No Z in principle. Two (equivalent) approaches: “meromorphic sections” and “monoids”.

Introduced by Hurtubise-Markman as an example of a particular class of algebraically integrable
systems (for X an elliptic curve).

> Related to monopoles in the works of Charbonneau-Hurtubise, Smith and Mochizuki.

> Monoid approach suggested by Frenkel-Ngo. Developed by Bouthier and ). Chi in the study of

Kottwitz-Viehman varieties (group-version of affine Springer fibres). Program leading to the proof
of the Fundamental Lemma for the groups in the forthcoming thesis of G. Wang.
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Example 3: First approach. Meromorphic sections

> M = {(E,p) : E— X G-bundle, @ € H*(X', E Xag G) for X’ = X \ finite subset}.
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Example 3: First approach. Meromorphic sections

> M = {(E,p) : E— X G-bundle, @ € H*(X', E Xag G) for X’ = X \ finite subset}.

> Fix the singularities {x1,...,x,} C X. Restrict ¢ to a formal disk around each x; and consider the
corresponding element

invy,(¢) € G(R[[t]])\G(k((1)))/G(k[[t]) = X.(T) .
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> M ={(E,p) : E— XG-bundle, @ € H(X', E Xaq G) for X’ = X \ finite subset}.

> Fix the singularities {x1,...,x,} C X. Restrict ¢ to a formal disk around each x; and consider the
corresponding element

invy,(¢) € G(R[[t]])\G(k((1)))/G(k[[t]) = X.(T) .

> Fix A = (A1,...,Ap), for A; € X, (T)™.
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Example 3: First approach. Meromorphic sections

> M ={(E,p) : E— XG-bundle, @ € H(X', E Xaq G) for X’ = X \ finite subset}.

> Fix the singularities {x1,...,x,} C X. Restrict ¢ to a formal disk around each x; and consider the
corresponding element

invy,(¢) € G(R[[t]])\G(k((1)))/G(k[[t]) = X.(T) .

> Fix A = (A1,...,A,), for A; € X.(T)T. Consider

My = {(E,p) € M : such thatinvy (@) = A;} .
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Example 3: Second approach. Monoids

> Idea: Fit the multiplicative Hitchin fibration in a formulation of the form

[6\M/z] — [(M ] 6)/Z] — Bz.
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Example 3: Second approach. Monoids

> Idea: Fit the multiplicative Hitchin fibration in a formulation of the form

[6\M/z] — [(M ] 6)/Z] — Bz.

> M reductive monoid with unit group M* such that (M*)" = G.

> LetZ = Z\ be the neutral connected component of Z(M*) and Z° = Z% N G.
> Ay =M /| Gisa z/Z’-toric variety.

> Cy:=M/)/G=AuXG/ G.
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Example 3: Second approach. Monoids

vV v v.vY

Idea: Fit the multiplicative Hitchin fibration in a formulation of the form

[6\M/z] — [(M ] 6)/Z] — Bz.

M reductive monoid with unit group M* such that (M*)" = G.

Let Z = Z), be the neutral connected component of Z(M*) and Z° = Z) N G.
Ay :=M /| Gis a Z/Z"-toric variety.

Cv:=M/)/G=AuXG/G.

Construct a Hitchin fibration from the sequence

[6\M/Z] — [Cu/Z] — [An/Z] — BZ.
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Example 3: The universal monoid

> The category of monoids M with (M*)” = G and M — Ay flat has an universal object Env(G),
called the Vinberg enveloping monoid.
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Example 3: The universal monoid

> The category of monoids M with (M*)” = G and M — Ay flat has an universal object Env(G),
called the Vinberg enveloping monoid.

> Env(G)X = (GXT)/Z52= Zgnv(G) =TandZ/Zy = T = T/Z.
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> The category of monoids M with (M*)” = G and M — Ay flat has an universal object Env(G),
called the Vinberg enveloping monoid.

> Env(G)* = (GXT)/Zs,Z = zgnV(G) =TandZ/Zy = T = T/Z.
> Agny(o) is the T-toric variety associated to the fundamental Weyl chamber.
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Example 3: The universal monoid

> The category of monoids M with (M*)” = G and M — Ay flat has an universal object Env(G),
called the Vinberg enveloping monoid.

> Env(G)X = (GXT)/Z52= Zgnv(G) =TandZ/Zy = T = T/Z.

> Agny(o) is the T-toric variety associated to the fundamental Weyl chamber.

> Fixing the meromorphic data A = (A1,...,4,), for A; € X,(79)T, we obtain a map
AZ el AEnV(GSC).
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Example 3: The universal monoid

> The category of monoids M with (M*)” = G and M — Ay flat has an universal object Env(G),
called the Vinberg enveloping monoid.

> Env(G)X = (GXT)/Z52= Z(E)nv(G) =TandZ/Zy = T = T/Z.

> Agnv(c) IS the T-toric variety associated to the fundamental Weyl chamber.
> Fixing the meromorphic data A = (A1,...,4,), for A; € X,(79)T, we obtain a map
AZ - AEnV(GSC).

> Construct some monoid M, as the pullback of this map.
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Example 3: The universal monoid

> The category of monoids M with (M*)” = G and M — Ay flat has an universal object Env(G),
called the Vinberg enveloping monoid.

> Env(G)* = (GXT)/Zs,Z = zgnV(G) =TandZ/Zy = T = T/Z.

> Agnv(c) IS the T-toric variety associated to the fundamental Weyl chamber.

> Fixing the meromorphic data A = (A1,...,4,), for A; € X,(79)T, we obtain a map
AZ —d AEnV(GSC)'

> Construct some monoid M, as the pullback of this map.

> Recover the multiplicative Hitchin fibration from the sequence

[Ad(6)\M»/Gp] — [Cw, /G| — [AL/GR] — BGp,.
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Example 4: The multiplicative Hitchin fibration for symmetric pairs

> Forthcoming work with Garcia-Prada.
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Example 4: The multiplicative Hitchin fibration for symmetric pairs

> Forthcoming work with Garcia-Prada.

> G semisimple simply-connected group, 8 € Auty(G), 6® = {g €G:0(g) = g}.
> M = G/GY the symmetric variety.

» Idea: Construct a Hitchin fibration from the map

M/6°] — m ) 6°.

RSME-UMA II, Ronda
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Forthcoming work with Garcia-Prada.

G semisimple simply-connected group, 6 € Auty(G), G° = {g €G:0(g) = g}.

M = G/G? the symmetric variety.
Idea: Construct a Hitchin fibration from the map

M/6°] — m ) 6°.
“Multiplicative version” of Kostant-Rallis by Richardson:
RIM]E > k[A]",

for A a maximal 8-split torus of G and Wy the “little Weyl group”.
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Forthcoming work with Garcia-Prada.

G semisimple simply-connected group, 6 € Auty(G), G° = {g €G:0(g) = g}.

M = G/G? the symmetric variety.
Idea: Construct a Hitchin fibration from the map

M/6°] — m ) 6°.
“Multiplicative version” of Kostant-Rallis by Richardson:
RIM]E > k[A]",

for A a maximal 8-split torus of G and Wy the “little Weyl group”.

The role of monoids is now played by G-equivariant embeddings.
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>

Forthcoming work with Garcia-Prada.

G semisimple simply-connected group, 6 € Auty(G), G° = {g €G:0(g) = g}.
M = G/G? the symmetric variety.

Idea: Construct a Hitchin fibration from the map

M/6°] — m ) 6°.
“Multiplicative version” of Kostant-Rallis by Richardson:
RIM]E > k[A]",

for A a maximal 8-split torus of G and Wy the “little Weyl group”.

The role of monoids is now played by G-equivariant embeddings. Instead of the Vinberg monoid,

we consider Guay’s enveloping embedding.
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Example 4: The multiplicative Hitchin fibration for symmetric pairs

>
>
>
>

Forthcoming work with Garcia-Prada.

G semisimple simply-connected group, 6 € Auty(G), G° = {g €G:0(g) = g}.
M = G/G? the symmetric variety.

Idea: Construct a Hitchin fibration from the map

M/6°] — m ) 6°.
“Multiplicative version” of Kostant-Rallis by Richardson:
RIM]E > k[A]",

for A a maximal 8-split torus of G and Wy the “little Weyl group”.

The role of monoids is now played by G-equivariant embeddings. Instead of the Vinberg monoid,

we consider Guay’s enveloping embedding.
Possible generalization to spherical varieties.
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Questions?
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