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My research interests lie in the intersection of complex algebraic and differential geometry, math-
ematical physics, and representation theory. More precisely, my research is centered in studying
moduli problems of bundles with additional structure, and in particular in exploring analogues of
Hitchin’s moduli space of Higgs bundles and of nonabelian Hodge theory, with special interest in
the aspects related to Langlands duality and mirror symmetry.

1. BACKGROUND

1.1. Higgs bundles, nonabelian Hodge theory and Hitchin fibration. In his seminal work
of 1987 [31], Hitchin introduced what is now called the moduli space of Higgs bundles, or simply
Hitchin moduli space. For a compact Lie group G, a compact Riemann surface C and a topologically
trivial principal G-bundle E — X, this moduli space Mg (C) parametrizes solutions to the Hitchin
equations; these are pairs (A, ®) formed by a connection A on E and by a complex Higgs field €
QY(C,adE ® C) such that

Fao+ [®, 0] =0,
o4P = 0.

This space is naturally endowed with a hyperkdhler structure. Nonabelian Hodge theory provides a
description of the moduli space as a Kahler manifold, when endowed with each one of the complex
structures coming from the hyperkéhler structure. More precisely, Hitchin (and, in full generality,
Simpson [42]) showed that, under one of these structures, this space is biholomorphic to the Dolbeaut
moduli space Mg (C)po) of polystable topologically trivial Go-Higgs bundles, for Gc the complexifi-
cation of G. Under a different complex structure, it follows from work of Donaldson [11], and more
generally of Corlette [8], that the space is biholomorphic to the Betti moduli space M5 (C)g, or char-
acter variety, which parametrizes conjugacy classes of reductive representations 71 (C) — Gc of the
fundamental group of C.
As a natural global analogue of the Chevalley restriction map, one obtains the Hitchin fibration

hg : Mg (C)pel — A,

originally introduced by Hitchin in another fundamental work, also from 1987 [30]. Hitchin (for
the case of G classical) and Donagi-Gaitsgory [9] (in general) showed that the Hitchin fibration
is an algebraic completely integrable Hamiltonian system, so in particular generic fibres are abelian
varieties, and, in fact, they admit a particularly simple description in terms of ramified covers C — C.

1.2. Mirror symmetry and Langlands duality. The “best hope” of the geometric Langlands cor-
respondence roughly predicts an equivalence between the derived category of D-modules on the
stack Bung.(C) of holomorphic Gc-bundles on C and the and the derived category of coherent
sheaves on Flatgv (C) the stack of flat Gé-connections on C, for Gé the Langlands dual group of Gg,
in a way compaﬁble with the action of Hecke operators. Kapustin and Witten [34] reinterpret the
geometric Langlands correspondence as some hyperkéhler-enhanced form of homological mirror
symmetry for Mg (C) and its mirror partner Mgv(C). In particular, this predicts a correspondence
between a certain class of objects, called BAA-branes, supported on holomorphic Lagrangian sub-
manifolds of Mg (C)pel and another class of objects, called BBB-branes, supported on hyperkéhler
submanifolds of Mgv (C).

Donagi and Pantev [10] studied a “classical limit” of the geometric Langlands correspondence
and obtained what physically is understood as SYZ mirror symmetry for the Hitchin fibration. More

precisely, they noticed that the Hitchin bases for Langlands dual groups can be identified A := Ag =
1
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Agv and that, over a generic locus A° C A, the Hitchin fibres are dual as polarized abelian varieties.
This result, combined with the Fourier-Mukai transform, provides an equivalence of categories

(1) FM : D(Coh(Mg(C)pol/A?)) — D(Coh(Mgv(C)poi/A%)).

In more recent times, this correspondence has been used to check the conjectural duality between
some pairs of BAA- and BBB-branes over the generic locus.

2. GENERALIZED HITCHIN FIBRATIONS

2.1. What? In his monumental work [39] Ng6 assumed a “stacky” point of view on the Hitchin
fibration based on the fact that a Higgs bundle can be interpreted as a map from C to the quotient
stack [gc/Ge X C*] and lying over the map C — BC* defined by the line bundle K¢. Here, the
action of G¢ on its Lie algebra is the adjoint action, while the action of C* is the homothecy action.
The Hitchin fibration is then naturally obtained from the Chevalley restriction map gc — ¢g, for
¢ = Spec(C[ac] ).

This point of view then suggests a natural generalization, which considers an affine variety M
over an algebrically closed field k, acted on by a reductive algebraic group G over k, and the natural
map from the quotient stack [M/G] to the invariant quotient Spec(k[M]°) associated to this action.
There are several situations in the literature that fit into this description, and a general framework
for their study is proposed in unpublished work by Morrissey and Ngo [37] (the interested reader
can consult [40]).

2.2. Why? There are several reasons for studying generalized Hitchin fibrations in general, the
main one being the variety of examples that appear in relation to the study of the “classical” Hitchin
fibration. I will state just a few examples:

2.2.1. Commuting varieties. Higgs bundles were generalized by Simpson [42] to the context of higher
dimensional projective manifolds. A version of the Hitchin fibration in higher dimensions does also
exist, and was introduced by Simpson in [43]. One can also construct a similar fibration over a
manifold of any dimension (for example in dimension 1), by considering Higgs bundles twisted by
a vector bundle, as explained in [15]. From the point of view of generalized Hitchin fibrations, this
corresponds to take M equal to the commuting variety of several elements in a Lie algebra, acted
on by the adjoint action of the group, and by a general linear group. The main dificulty stems from
the fact that spectral covers are generally not flat for this situation. Chen and Ngo [7] studied in
detail the case of complex dimension 2, where one can construct a Cohen-Macaulay modification
of the spectral cover. In my work with Oscar Garcia-Prada and M.S. Narasimhan [19], we studied
the case of complex dimension 1 in [19], giving a more detailed description of the Cohen-Macaulay
modification in that case.

2.2.2. Symmetric pairs. Versions of Higgs bundles associated to symmetric pairs have been part of
the literature ever since the beginning of the discipline. For example, in [32], Hitchin used these
kind of pairs to construct higher rank analogues of Teichmiiller space inside the character varieties
of split real groups. In more recent years, they have received a systematic treatment and, in partic-
ular, a version of the nonabelian Hodge correspondence has been developed for them, relating the
corresponding moduli space to the character variety for the real form associated to the symmetric
pair via the Cartan correspondence. The reader can consult Garcia-Prada’s survey [21] for more
information about this theory. The Hitchin fibration for symmetric pairs was originally studied in
the thesis of Peon-Nieto, and in her subsequent works with Garcia-Prada and Ramanan [24, 25]. A
complete description has been given recently by Hameister and Morrissey [28].

2.2.3. Vinberg pairs. A version of the Hitchin fibration for Vinberg pairs has been introduced in
recent work of Garcia-Prada [22], and a particular case has been also studied in his work with
Gonzalez [23]. The study of the symmetries of this fibration is part of my ongoing research project
together with Garcia-Prada and Gonzalez.
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2.2.4. Hamiltonian G-spaces. A symplectic manifold M endowed with a Hamiltonian G-action has
associated to it a moment map p : M — g (after choosing an identification of g and g*). Such a map
induces a morphism of stacks [M/G] — [g/G], which is Lagrangian in the derived sense of [41], and
in turn induces a Lagrangian map to the moduli space of G-Higgs bundles. The case where M = T*X
is the cotangent space of a spherical homogeneous space X = G/H is of particular interest, since in
that case there is an isomorphism of stacks [T*X /G| = [h*/H]. This situation includes in particular
the case of symmetric pairs (since symmetric varieties are spherical by the Iwasawa decomposi-
tion). A “dual group” Gy C G" associated to any spherical G-variety was constructed by Gaitsgory
and Nadler [14], together with an adapted generalization of the geometric Satake correspondence.
Conjecturally, the correspondence between BAA- and BBB-branes would match the moduli space of
pairs asociated to the spherical pair (G, H) to the moduli space of Gy -Higgs bundles. This conjecture
has been verified in some cases, over the generic locus, in the work of Hameister-Luo—Morrissey
[29] by tracking which objects are matched under the Donagi-Pantev correspondence (1) and using
some of the tools provided by the work of Ben-Zvi, Sakellaridis and Venkatesh on relative Langlands
duality [2].

2.2.5. Reductive monoids. In the context of multiplicative Higgs bundles, one studies maps into re-
ductive monoids. We will talk in more detail about the multiplicative Hitchin fibration in next sec-
tion.

2.3. How? — The regular quotient. Dealing with generalized Hitchin fibrations is not easy in
general, but Morrissey and Ngo [37] provide some general guidelines to do it in a systematic way.
The first important task is to determine the regular quotient. The regular quotient is a natural rigid-
ification of the quotient stack; it appeared originally in the work of Abramovich, Olsson and Vistoli
[1] and was used by Pedn-Nieto and Garcia-Prada to the case of symmetric pairs. The general theory
of regular quotients is developed in Morrissey-Ngo6 [37] and has been used in its full power in [28].
Roughly, the regular quotient is a possibly non-separated Deligne—Mumford stack that parametrizes
regular orbits. The upshot of using the regular quotient is that, in general, the natural map from a
quotient stack of an affine variety by a reductive group into a GIT quotient does not define a gerbe
over the GIT quotient, but it does factor through a gerbe over the regular quotient.

2.4. What about the cameral covers? The next step towards a complete description of the sym-
metries of a generalized Hitchin fibration would be to describe the structure of the regular centralizer
over the regular quotient. In the context of the classical Hitchin fibration, for classical groups one
can make use of the spectral correspondence, while for general groups the Grothendieck-Springer
resolution, together with the Chevalley restriction theorem, provides a “Galois” description of the
regular quotient in terms of a cameral cover. For the case of the multiplicative Hitchin fibration,
as well as for the cases of symmetric pairs and of spherical varieties there exist analogues of the
Chevalley restriction theorem and of the Grothendieck-Springer resolution that enable the formu-
lation of a cameral description of the regular centralizer. In general, those tools are not available.
Ngo [40] suggested the use of the Luna-Richardson theorem [35] as a possible generalization of
the Chevalley restriction theorem. In any case, to the best of my knowledge this direction remains
completely unexplored.

2.5. Langlands duality for generalized Hitchin fibrations. A generalization of the results of
Donagi and Pantev [10] for generalized Hitchin fibrations is desireable, and would provide the right
tool for systematically test conjectural matches of BAA- and BBB-branes. In the case in which
the regular quotient coincides with the GIT quotient and the regular centralizer admits a Galois
description, I claim that such a generalization does exist, and follows from a slight generalization of
the results of Donagi and Pantev. This is the content of my forthcoming paper [17]. A generalization
for the case where there is a Galois description, but the GIT and regular quotient do not coincide
should also be achievable.
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3. MULTIPLICATIVE HIGGS BUNDLES

3.1. Multiplicative Hitchin fibrations. Given a complex reductive group G, a multiplicative G-
Higgs bundle on a Riemann surface C is a pair (E, ¢) formed by a principal G-bundle E — C and
by a meromorphic section ¢ of the associated bundle of groups Ad(E) = E x® G, where G acts on
itself through the adjoint action. More generally, we can consider pairs (G, G’) such that G and G’
are groups with the same adjoint group and analogously define (G, G’)-bundles by replacing Ad(E)
by E x® G’. If 0 is an automorphism of G, we can also consider f-twisted multiplicative G-Higgs
bundles by replacing Ad(E) by E x%? G. At each of its singularities, the Higgs field ¢ determines a
G[[t]]-orbit in the affine Grassmannian Grg = G((t))/G|[[t]] and thus a dominant cocharacter of G.
A global analogue of the multiplicative version of the Chevalley restriction map G — Spec(C[G]®)
induces the multiplicative Hitchin fibration.

The multiplicative Hitchin fibration can be equivalently defined by using the theory of reductive
monoids, in a way that is compatible with the framework of generalized Hitchin fibrations. An
algebraic monoid is a monoid object in the category of algebraic varieties, and we say that it is
reductive if its unit group is a reductive group. The theory of reductive monoids is a particular
case of the theory of embeddings of homogeneous spaces (see [44] for a general reference about
this theory) and closely parallels the description of toric varieties in terms of combinatorial data. In
particular, a reductive monoid M is endowed with a map M — Aj;, where Aj is some toric variety
determined by M, called the abelianization of M, and which encodes the asymptotic behaviour of
the group inside the monoid. The prescription of the meromorphic data of a multiplicative G-Higgs
bundle determines a reductive monoid M such that the semisimple part of its unit group M* is
isomorphic to the semisimple part of G, and it also determines a map from C to the quotient stack
[An/A}]. The abelianization map factors through the natural map from M to its GIT-quotient under
the adjoint action of G. Finally, a multiplicative Higgs bundle can be reinterpreted as a map from C
to [M/(G x A}))] lying over the map C — [Ay;/A};] determined by the meromorphic data, and the
map from M to its GIT-quotient determines the multiplicative Hitchin fibration.

The multiplicative Hitchin fibration was originally introduced in the mathematics literature by
Hurtubise and Markman in 2002 [33]. In 2011 Frenkel and Ngo6 [13] studied some of its properties
in the context of a program of geometrization of trace formulas, and they originally proposed the
use of the point of view of reductive monoids. Cumulative work of the students of Ng6: Bouthier,
Chi and Wang (3,4, 6,45,46], culminated in the proof by Wang of the Fundamental Lemma for the
spherical Hecke algebras by exploiting the geometry of the multiplicative Hitchin fibration.

3.2. Stability conditions, gauge equations and multiplicative nonabelian Hodge theory.
Charbonneau and Hurtubise [5] have defined stability conditions for multiplicative Gc-Higgs bun-
dles and proven a Hitchin-Kobayashi type correspondence between polystable multiplicative G-
Higgs bundles over C and singular G-monopoles over the 3-manifold S! x C. In particular, the
stability condition includes some data corresponding to the positions of the singularities along the
circle. An intrinsic interpretation of these parameters in terms uniquely of the Riemann surface C
remains open. Therefore, it still makes sense to pose the question of whether a stability condition,
a gauge equation, and a Hitchin—Kobayashi type correspondence could be given in a completely
intrinsic manner; that is, only considering data depending on C, and not involving the circle nor the
extra parameters, at least not a priori.

We expect that this problem fits inside the more general theory of pairs considered by Mundet i
Riera [38]. In particular, a problem that stems directly from this one is that of studying the Kéhler
structures on reductive monoids or on wonderful compactifications of groups, and the associated
moment maps for the action of the maximal compact G on them.

Another possible approach consists in considering the natural correspondence existing between
multiplicative Higgs bundles and Martens-Thaddeus bundle chains [36], and study the stability con-
ditions associated to that moduli problem.

Imitating the Garland—Murray correspondence between calorons and Kac-Moody monopoles [26],
one can stablish a similar correspondence between the Bogomolny equations for a group and the
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Hitchin equations for its loop group. This, together with the parallel between the Langlands du-
ality for multiplicative Hitchin system and the Langlands duality for Kac-Moody algebras, suggest
that there might exist indeed a deeper connection between multiplicative Higgs bundles and Kac-
Moody groups. This exploration is part of an ongoing project with Oscar Garcia-Prada and Jacques
Hurtubise.

3.3. Multiplicative geometric Langlands and Kac-Moody Langlands duality. In their work
of 2018, Elliott and Pestun [12] formulate a series of physical statements that they gather under the
name “multiplicative geometric Langlands pseudo-conjectures”. Roughly, they predict some version
of hyperkahler-enhanced mirror symmetry, in a similar form to the statements of Kapustin—-Witten,
but for the moduli space of singular monopoles. In the classical limit, however, they conjecture an
analogue of the results of Donagi-Pantev for the multiplicative Hitchin fibration, in the case the
structure group is simply-laced, and some twisted version of it in the case it is not. In forthcoming
work with Benedict Morrissey [20], we give a precise formulation for those statements, and provide
a proof.

A particular feature of the Langlands duality for multiplicative Hitchin systems is that it parallels
the duality of affine Dynkin diagrams, in the sense that a multiplicative Hitchin fibration associated
to a non-simply-laced Dynkin diagram D is dual to a twisted multiplicative Hitchin fibration asso-
ciated to a pair (D’, o), with D’ a Dynkin diagram and o a diagram automorphism of D’ such that
the associated folded Dynkin diagram is the dual of D.

3.4. Relative multiplicative Hitchin fibrations. The existence of Langlands duality for multi-
plicative Hitchin fibrations suggests the study of relative versions of the multiplicative Hitchin fi-
brations, as they might provide examples of branes that could be matched to something else under
duality. A simple example of such a relative multiplicative Hitchin fibration is the multiplicative
Hitchin fibration for symmetric pairs that I studied in my thesis [16] and in a subsequent paper with
Oscar Garcia-Prada [18]. In particular, we showed that the corresponding moduli space appears
naturally inside the fixed point locus of the moduli space of multiplicative Higgs bundle, and that
it defines a complex Lagrangian submanifold inside of it. The theory of embeddings of symmetric
varieties replaces in this context the theory of reductive monoids, and in particular the embedding
constructed by Guay [27] plays the same role as the Vinberg monoid for the multiplicative Hitchin
fibration. In the final remarks of my thesis [16], I suggest that one should be able to generalize our
results to the case of spherical varieties, and that the role of the Vinberg monoid would in general
be fulfilled by the spectrum of the Cox ring of the wonderful compactification.
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