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Cameral covers

® G a complex semisimple group. g its Lie algebra.
® Fix the root datum W = Vg = (P, A, ®, A). ~~ T maximal torus, t its Lie algebra, W Weyl

group.
® A (t-)cameral cover is a W-Galois cover 7 : X — X which locally is a pullback of t — t/W.

(cameral curve if dim X = 1).
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Cameral covers

® G a complex semisimple group. g its Lie algebra.

® Fix the root datum W = Wg = (&, A, &, A). ~» T maximal torus, t its Lie algebra, W Weyl
group.

A (t-)cameral cover is a W-Galois cover 7 : X — X which locally is a pullback of t — t/W.
(cameral curve if dim X = 1).

e Let7: X — X be a cameral curve. Put
J'= v =m(N005)Y, J'=hw=mRe0oy)¥,
J=Jew = {)\®Z€J1 )|, = 1}, J=Jrw = {X®Z€j1 20| = 1}.

Put # = Py = Bun,/x and &P = ﬁ’ﬂ,w = Bunj/X.
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Cameral covers

G a complex semisimple group. g its Lie algebra.

Fix the root datum W = W = (&, A, &, A). ~» T maximal torus, t its Lie algebra, W Weyl
group.

A (t-)cameral cover is a W-Galois cover 7 : X — X which locally is a pullback of t — t/W.
(cameral curve if dim X = 1).

e Let7: X — X be a cameral curve. Put
J'=hv=m(A20)Y, J'=Tw=mle06))Y,

J=Jrw = {)\®Z€J1 IZ<)"a)!5(sa = 1}, J=Jrw = {X@zej1 :Z<x,6¢>’5(s& = 1}.

Put # = Py = Bun,/x and &P = ﬁ’ﬂ,w = Bunj/X.

w

® Donagi-Gaitsgory: Description of & in terms of Bunr/j(.
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Cameral covers

® G a complex semisimple group. g its Lie algebra.

® Fix the root datum W = Wg = (&, A, &, A). ~» T maximal torus, t its Lie algebra, W Weyl
group.

A (t-)cameral cover is a W-Galois cover 7 : X — X which locally is a pullback of t — t/W.
(cameral curve if dim X = 1).

e Let7: X — X be a cameral curve. Put
J'= v =m(N005)Y, J'=hw=mRe0oy)¥,
J=Jew = {)\®Z€J1 )|, = 1}, J=Jrw = {X®Z€j1 20| = 1}.

Put # = Py = Bun,/x and &P = ﬁ’ﬂ,w = Bunj/X.

w

s . .. ~ ive.
T/X P is a Beilinson 1-motive

® Donagi-Gaitsgory: Description of & in terms of Bun
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Picard stacks and Beilinson 1-motives

® Picard groupoids are “categories with invertible tensor product”. (Pic(X), Bunz(X)).
® Picard stacks are stacks “taking values” on Picard groupoids. (Picx : S — Pic(X x §)).
® Beilinson 1-motives are locally Picard stacks of the form

AXBT xT,

for A an abelian variety, T a torus and " a finitely generated abelian group. (Picx, Buny ).
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Picard stacks and Beilinson 1-motives

Picard groupoids are “categories with invertible tensor product”. (Pic(X), Bunz(X)).
® Picard stacks are stacks “taking values” on Picard groupoids. (Picx : S — Pic(X x §)).
Beilinson 1-motives are locally Picard stacks of the form

AXBT xT,

for A an abelian variety, T a torus and [ a finitely generated abelian group. (Picx, Bunyx).
The dual of a Picard stack & is the Picard stack

PV = Map(P,BG,,).
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Picard stacks and Beilinson 1-motives

® Picard groupoids are “categories with invertible tensor product”. (Pic(X), Bunz(X)).
® Picard stacks are stacks “taking values” on Picard groupoids. (Picx : S — Pic(X x §)).
® Beilinson 1-motives are locally Picard stacks of the form

AXBT xT,

for A an abelian variety, T a torus and [ a finitely generated abelian group. (Picx, Bunyx).
® The dual of a Picard stack & is the Picard stack

PV = Map(P,BG,).

® Beilinson 1-motives are fully-dualizable. As a consequence of this, there is the
Fourier-Mukai functor (for Zo — P x PV the Poincaré line bundle)

D?(QCoh(2)) — D’(QCoh(2Y))
F— (Rp2)«(LpiF @ ZL).

® For Beilinson 1-motives, this functor is an equivalence of derived categories.
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Duality in cameral covers

® Consider the Abel-Jacobi map

AJ: X x A — Bung 5
(x,A) —> O(x)\).

We can compose it with the norm map Nm : Buny g — BunT % This lifts to .

/

® Pulling back line bundles defines (A))Y : 2V — (Picy )V = Bun?/~ This again lifts to 2.
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Duality in cameral covers

® Consider the Abel-Jacobi map

AJ: X x A — Bung 5
(x,A) —> O(x)\).

We can compose it with the norm map Nm : Buny g — Bun¥//)~(. This lifts to 2.

® Pulling back line bundles defines (A))Y : 2V — (Picy )V = Bun%x. This again lifts to 2.

Theorem (Hausel-Thaddeus, Donagi-Pantev, Chen-Zhu)

The morphism PV — 9 constructed above is an isomorphism of Picard stacks.

Corollary

There is a natural equivalence of derived categories D’(QCoh(%)) — DP(QCoh(%)).
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® The Hitchin fibration
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The Hitchin fibration

® X smooth complex projective curve. L € Pic(X) (usually L = Kx).

® Mc(X)={(E,¢): E€Bung(X),p € H(X,(ExCg)® L)} = Mapy(X, L x®[g/]).
(Moduli stack of Higgs bundles).
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The Hitchin fibration

® X smooth complex projective curve. L € Pic(X) (usually L = Kx).

® Mc(X)={(E,¢): E€Bung(X),p € H(X,(ExCg)® L)} = Mapy(X, L x®[g/]).
(Moduli stack of Higgs bundles).

* dg(X)=@_, H(X, L) = Map,(X, L xCn (t/W)), here d; = deg p;, where
C[Ph s 7pr] = C[t]u/ = (C[g]c

(Hitchin base).
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The Hitchin fibration

® X smooth complex projective curve. L € Pic(X) (usually L = Kx).

® Mc(X)={(E,¢): E€Bung(X),p € H(X,(ExCg)® L)} = Mapy(X, L x®[g/]).
(Moduli stack of Higgs bundles).

* dg(X)=@_, H(X, L) = Map,(X, L xCn (t/W)), here d; = deg p;, where
C[Ph s 7pr] = C[t]u/ = (C[g]c

(Hitchin base).
® The Hitchin fibration is the map

hG : .%G(X) — ch(X)

naturally induced from the Chevalley restriction map g — g / G.
® Problem: Study the fibres ¢ , = h;'(a).
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The symmetries

® Take the centralizer group scheme Ig — g, that is
I x = {ge G:Adgx:x}.

It is a smooth group scheme over g™& C g.
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The symmetries

® Take the centralizer group scheme Ig — g, that is
I x = {ge G:Adgx:x}.

It is a smooth group scheme over g™& C g.

Theorem (Ngo)

Ig|gree descends to a group scheme Jg — g /| G, called the regular centralizer.
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The symmetries

® Take the centralizer group scheme I — g, that is
I x = {ge G:Adgx:x}.

It is a smooth group scheme over g™& C g.

Theorem (Ngo)

Ig|gree descends to a group scheme Jg — g /| G, called the regular centralizer.

® Given a € dg(X), we let Jg o = a*Jg be the pullback along the natural map
a: X —[(g/ G)/Gn]. Put Pgq = Buny, /x

Theorem (Donagi-Gaitsgory, Ngo)

M (r:ii is a Pg q-torsor.
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The symmetries

® Take the centralizer group scheme I — g, that is
I x = {ge G:Adgx:x}.

It is a smooth group scheme over g™& C g.

Theorem (Ngo)

Ig|gree descends to a group scheme Jg — g /| G, called the regular centralizer.

® Given a € dg(X), we let Jg o = a*Jg be the pullback along the natural map
a: X —[(g/ G)/Gn]. Put Pgq = Buny, /x

Theorem (Donagi-Gaitsgory, Ngo)

./%ge‘i is a Pg q-torsor. ~ Study Pg 4.
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The cameral description

Theorem (Donagi-Gaitsgory, Ngo)

PGa= Pr, v, Wheren, : X, — X is the cameral cover obtained as the pullback

X, ———— L xCm¢

[ |

X —&— L xCm (t/W).
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Langlands duality of Hitchin fibrations

® A W-invariant metric on t induces an isomorphism t/ W — t*/W.

® In turn this gives an isomorphism &/¢(X) — ¢(X), a — &, and we have

Pea = Pravg = Py
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Langlands duality of Hitchin fibrations

® A W-invariant metric on t induces an isomorphism t/ W — t*/W.

® In turn this gives an isomorphism &/¢(X) — ¢(X), a — &, and we have
‘@v7a = ‘@ﬂﬁ,\ué = ﬁﬂa,wc'

Mc(X) M(X)
Pravo = PGa ™ Mca M

\{ /

ap ——— do(X) = dg(X) —— {a}
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Langlands duality of Hitchin fibrations

® A W-invariant metric on t induces an isomorphism t/ W — t*/W.

® In turn this gives an isomorphism &/¢(X) — ¢(X), a — &, and we have

Pea = Pravg = Py

/%G(X) /%G(X)
P = Pca ‘%G a \ 67“ o ‘O])C,& = gv)wa,\uc
a} — d(X) = dg(X) — {a}

Corollary (“Classical limit” of Geometric Langlands)

There is a natural equivalence of derived categories D’(QCoh(%¢. ) — Db(QCoh(@é’a)).
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® Multiplicative Hitchin fibrations

UCM — ICMAT) Multiplicative Hitchin fibration and Langlands duality 28th February 2024



Multiplicative Higgs bundles

® X smooth complex projective curve. Assume G is semisimple simply-connected.

® Let Gy be another complex semisimple group with G3¢ = G,

® '%GO:G(X) =
{(E,¢) : E € Bung,(X),p € [(X\ {x1,..., X}, E x© G) for some x1,...,x, € X}.
(Moduli stack of multiplicative (Gy, G)-Higgs bundles).
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Multiplicative Higgs bundles

® X smooth complex projective curve. Assume G is semisimple simply-connected.
® Let Gy be another complex semisimple group with G3¢ = G,

* Mc,c(X) =
{(E,¢) : E € Bung,(X),p € [(X\ {x1,..., X}, E x© G) for some x1,...,x, € X}.
(Moduli stack of multiplicative (Gy, G)-Higgs bundles).

® 7 |ocal coordinate around z;.
¢|p,, ~ well defined element of Go[[z]]\G((2))/Go[[z]] = AT = A/W.

® |dea: Prescribe singularities by choosing D = >~7_, \ix; a A*-valued divisor on X.
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The multiplicative Hitchin fibration

® let wy,...,w, be the fundamental weights of G.

® Multiplicative version of Chevalley: G /) Ad(G) = T/W = Spec(C|ps, ..., p]), for
pi = tr(p;), and p; the fundamental representation of weight w;. (G simply-connected!)

Multiplicative Hitchin fibration (Hurtubise-Markman)

heo,G : Mcy,c.0(X) — Ao p(X) = @D H (X, 6((D, @)

(E, o) — (p1(®), - - Pr())-

® Study the fibres hE;G’D(a) = Mc,,G,D,a-

Montreal — 28th February 2024
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The monoid POV (Frenkel-Ngo, Bouthier, J. Chi, G. Wang)

® Idea: Construct a partial compactification G? — X of G over X, depending on the
At-valued divisor D = 27:1 Aix;j, such that

Ma,,6,0(X) = Mapy(X,[G”/Go]), A6,p(X) = Mapy(X, G” | Ad(G)).
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The monoid POV (Frenkel-Ngo, Bouthier, J. Chi, G. Wang)

® Idea: Construct a partial compactification G? — X of G over X, depending on the
At-valued divisor D = 27:1 Aix;j, such that

Ma,,6,0(X) = Mapy(X,[G”/Go]), A6,p(X) = Mapy(X, G” | Ad(G)).

® Consider the Vinberg monoid Vin(G). This is a natural compactification of (G x T)/Zg,
endowed with a natural map Vin(G) — A, for A = A" the T-toric variety defined by

limz* € A= )e AT,
z—0

The T-actionis t - (a1, ...,a,) = (t*ay,...,t%a,).
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The monoid POV (Frenkel-Ngo, Bouthier, J. Chi, G. Wang)

® Idea: Construct a partial compactification G? — X of G over X, depending on the
At-valued divisor D = 27:1 Aix;j, such that

Ma,,6,0(X) = Mapy(X,[G”/Go]), A6,p(X) = Mapy(X, G” | Ad(G)).

® Consider the Vinberg monoid Vin(G). This is a natural compactification of (G x T)/Zg,
endowed with a natural map Vin(G) — A, for A = A" the T-toric variety defined by

limz* € A= )e AT,
z—0

The T-actionis t - (a1, ...,a,) = (t*ay,...,t%a,).
e GP is obtained as the pullback
GP? —— |Vin(G)/T]

Loy |

X (D)raﬁ(D ) [A/T] )

Guillermo Gallego (UCM — ICMAT) Multiplicative Hitchin fibration and Langlands duality Montreal — 28th February 2024



The symmetries

® Take the centralizer group scheme Ig, 6,p — GP, that is

IGO,G,D,h = {g € Gy Ighg_1 = h}

D GP.

It is a smooth group scheme over G,

Theorem (Bouthier—J. Chi-G. Wang)

IGo,G,D|G,Deg descends to a group scheme Jg, 6.p — G /| Ad(G), called the regular centralizer. (G
simply-connected!)
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The symmetries

® Take the centralizer group scheme Ig, 6,p — GP, that is

IGo,G,D,h = {g € Gy Ighg_1 = h}

D GP.

It is a smooth group scheme over G,

Theorem (Bouthier—J. Chi-G. Wang)

IGo7G,D|G,Deg descends to a group scheme Jg, 6.p — G /| Ad(G), called the regular centralizer. (G
simply-connected!)

® Given a € ¢ p(X), we let J6,.6.p,a = a*Jc,,6,p be the pullback along the map
a: X — GP ) Ad(G). Put P, .G.p.a = BUny, gp.a/x-

Theorem (Bouthier—J. Chi-G. Wang)

= :
Mé, Gp.a = hGO’G’D(a) is a Pc,,c,p,a-torsor.
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The cameral description

Theorem (J. Chi-G. Wang)

PGo,G,D,a = Q’M\UGO, where 7, : X, — X is the cameral cover obtained as the pullback

TD

l |

—4 TP/W = GP /) Ad(G).

® This is indeed a cameral cover, locally isomorphic to t — t/W.
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The simply-laced case

® et G be a semisimple simply-connected group. Let Gy, Gy be semisimple groups with
Gad Gad Gad
® Let D be a AT-valued divisor and consider the stacks ., = Mc,,6,0(X) and
ﬂ] = '%G'],G,D(X)'
® Both stacks fiber over &/ p(X). Take a € o/ p(X) and consider the fibres ., , and M, 4.
® These fibres are torsors over %) , = 9’%‘4;00 and P, = g’m,wm, respectively.

Montreal — 28th February 2024
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The simply-laced case

® et G be a semisimple simply-connected group. Let Gy, Gy be semisimple groups with
Gad Gad Gad

Let D be a At-valued divisor and consider the stacks %, = Mc,,6,0(X) and

My = -%61,G,D(X)~

Both stacks fiber over & p(X). Take a € 9/ p(X) and consider the fibres .y , and M 4.
These fibres are torsors over %) , = 9%“7“;00 and P, = gjm,\llc]’ respectively.

If Gis simply-laced, we can take Gy and G; to be Langlands dual, and thus

— — e, ~ \%
@1 a — gsﬂ'aaw01 - ‘@ﬂ'a,wgo - @W“’\UGO - @0711'

)

Theorem (G.—Morrissey)

If G is simply-laced, there is a natural equivalence of derived categories

D*(QCoh(P6,,6,0,4)) = D*(QCOh(Ps, 6,p.a))-

28th February 2024
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® Non simply-laced non self-dual groups can be obtained from simply-laced ones by means
of folding.

® Let G be a semisimple group, W = (&, A, ®, A), and 6 € Aut(G) an automorphism
stabilizing V.

® From ® and 6 one can construct the folded root system ®y.

® The root datum W¢, = (, A?, ®Y, Ag) defines a group Gy called the coinvariant group.

Ag aB|Aak1 TS

BC2 ¢®o|| C;, o000

Dy c% Dy 000D

=,

530%8 Bk

Gy oo Eg 003

Fy o200
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® Non simply-laced non self-dual groups can be obtained from simply-laced ones by means
of folding.

® Let G be a semisimple group, W = (&, A, ®, A), and 6 € Aut(G) an automorphism
stabilizing V.

® From ® and 6 one can construct the folded root system ®y.

® The root datum W¢, = (, A?, ®Y, Ag) defines a group Gy called the coinvariant group.

Ag aB|Aak1 TS

BC2 ¢#¢|| Cy o000

D, c% Dkt 00002

B, 0%8 Bk oo-ocZo

Gy oo Eg 003

Fy o200

Gy is Langlands dual to (éé)o.
Gy /| Ad(Gy) is isomorphic to G/¢G, with G acting on itself through 6-twisted conjugation.
[Moehrdieck].
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The twisted multiplicative Hitchin fibration

® X smooth complex projective curve. Assume G is semisimple simply-connected.

° .%Q@(X) =
{(E, @) : E € Bung(X), 0 € T(X\ {x1,..., %}, E xS0 G) for some x1,...,x, € X}.
(Moduli stack of f-twisted multiplicative G-Higgs bundles).

® Singularities work the same as in the untwisted case.
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The twisted multiplicative Hitchin fibration

® X smooth complex projective curve. Assume G is semisimple simply-connected.

® Mco(X) =

{(E,¢) : E € Bung(X), € T(X\ {xi,..., %}, E x(S G) for some xi,...,x, € X}.
(Moduli stack of f-twisted multiplicative G-Higgs bundles).

Singularities work the same as in the untwisted case.

Let ny, ..., ns be the fundamental weights of the folded root system ®y.

Gy G2TI0/W = Spec(Clqu, . . ., qs)), for g = tr(py,), W = (1= 0)(T)N T¢) x WP.
The O-twisted multiplicative Hitchin fibration

hGg.p - Mco,0(X) — Aco0(X) = @ H(X,0((D,n;)))

i=1

(E, ) — (qi(9), - - -, qs(¢))
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The twisted multiplicative Hitchin fibration

® X smooth complex projective curve. Assume G is semisimple simply-connected.

® Mco(X) =

{(E,¢) : E € Bung(X), € T(X\ {xi,..., %}, E x(S G) for some xi,...,x, € X}.
(Moduli stack of f-twisted multiplicative G-Higgs bundles).

Singularities work the same as in the untwisted case.

Let ny, ..., ns be the fundamental weights of the folded root system ®y.

Gy G2TI0/W = Spec(Clqu, . . ., qs)), for g = tr(py,), W = (1= 0)(T)N T¢) x WP.
The O-twisted multiplicative Hitchin fibration

hGg.p - Mco,0(X) — Aco0(X) = @ H(X,0((D,n;)))

i=1

(E, ) — (qi(9), - - -, qs(¢))

The #-twisted multiplicative Hitchin fibration admits a monoid POV and a cameral
description in terms of a cameral curve for ty — t/ W. The centralizers are locally T?.

Guillermo Gallego (UCM — ICMAT) Multiplicative Hitchin fibration and Langlands duality Montreal — 28th February 2024



General duality

® Assume that H is a semisimple simply-connected non-simply laced group with H = Gy, for
some semisimple simply-connected simply laced group G. Note that H24 = CVIé.

® Mc,o,p(X)and Mypa y p(X) both fiber over & 0 p(X) = &n,p(X).

® The fibres are torsors over g’ﬁmead and over @m,q;Had, respectively.

Theorem (G.—Morrissey)

There is a natural equivalence of derived categories

D(QCoh(Pc 9,p,a)) — D*(QCON(Ppyad 11 p.a))-
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Statements for very flat monoids.

® G non-simply connected (~~ regular quotients)

Multiplicative (Gy, G)-Higgs bundles, for general Gy, G isogenous. Twisted version?
® Mirror symmetry. Branes.

® Geometric Langlands.

Connections to 6d SCFT. [Z. Duan-K. Lee-). Nahmgoong-X. Wang].
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Merci beaucoup!

lego (UCM — ICMAT) ipli hin fibration and Langlands duali
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