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Cameral covers

• G a complex semisimple group. g its Lie algebra.
• Fix the root datum Ψ = ΨG = (Φ, Λ̌, Φ̌,Λ).⇝ T maximal torus, t its Lie algebra, W Weyl

group.
• A (t-)cameral cover is a W -Galois cover π : X̃ → X which locally is a pullback of t → t/W .

(cameral curve if dimX = 1).

• Let π : X̃ → X be a cameral curve. Put

J1 = J1
π,Ψ = π∗(Λ⊗O×

X̃
)W , J̌1 = J̌1

π,Ψ = π∗(Λ̌⊗O×
X̃
)W ,

J = Jπ,Ψ =
{
λ⊗ z ∈ J1 : z⟨λ,α⟩|X̃ sα = 1

}
, J̌ = J̌π,Ψ =

{
χ⊗ z ∈ J̌1 : z⟨χ,α̌⟩|X̃ sα̌ = 1

}
.

• Put P = Pπ,Ψ = BunJ/X and P̌ = P̌π,Ψ = BunJ̌/X .

• Donagi-Gaitsgory: Description of P in terms of BunW
T/X̃

.⇝P is a Beilinson 1-motive.
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Picard stacks and Beilinson 1-motives

• Picard groupoids are “categories with invertible tensor product”. (Pic(X), BunT (X)).
• Picard stacks are stacks “taking values” on Picard groupoids. (PicX : S 7→ Pic(X × S)).
• Beilinson 1-motives are locally Picard stacks of the form

A× BT × Γ,

for A an abelian variety, T a torus and Γ a finitely generated abelian group. (PicX , BunT/X ).

• The dual of a Picard stack P is the Picard stack

P∨ := Map(P,BGm).

• Beilinson 1-motives are fully-dualizable. As a consequence of this, there is the
Fourier-Mukai functor (for LP → P ×P∨ the Poincaré line bundle)

Db(QCoh(P)) −→ Db(QCoh(P∨))

F 7−→ (Rp2)∗(Lp∗1F ⊗LP).

• For Beilinson 1-motives, this functor is an equivalence of derived categories.
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Duality in cameral covers

• Consider the Abel-Jacobi map

AJ : X̃ × Λ −→ BunT/X̃

(x, λ) 7−→ O(xλ).

We can compose it with the norm map Nm : BunT/X̃ → BunW
T/X̃

. This lifts to P.

• Pulling back line bundles defines (AJ)∨ : P∨ → (Picm
X̃×Λ

)W = BunW
Ť/X̃

. This again lifts to P̌.

Theorem (Hausel-Thaddeus, Donagi-Pantev, Chen-Zhu)

The morphism P∨ → P̌ constructed above is an isomorphism of Picard stacks.

Corollary

There is a natural equivalence of derived categories Db(QCoh(P)) → Db(QCoh(P̌)).
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Ť/X̃

. This again lifts to P̌.

Theorem (Hausel-Thaddeus, Donagi-Pantev, Chen-Zhu)

The morphism P∨ → P̌ constructed above is an isomorphism of Picard stacks.

Corollary

There is a natural equivalence of derived categories Db(QCoh(P)) → Db(QCoh(P̌)).

Guillermo Gallego (UCM — ICMAT) Multiplicative Hitchin fibration and Langlands duality Montreal – 28th February 2024 6 / 24



Contents

1 Cameral covers and Langlands duality

2 The Hitchin fibration

3 Multiplicative Hitchin fibrations

4 Duality of multiplicative Hitchin fibrations

Guillermo Gallego (UCM — ICMAT) Multiplicative Hitchin fibration and Langlands duality Montreal – 28th February 2024 7 / 24



The Hitchin fibration

• X smooth complex projective curve. L ∈ Pic(X) (usually L = KX ).
• MG(X) =

{
(E, φ) : E ∈ BunG(X), φ ∈ H0(X , (E ×G g)⊗ L)

}
= MapX (X , L×Gm [g/G]).

(Moduli stack of Higgs bundles).

• AG(X) =
⊕r

i=1 H
0(X , Ldi) = MapX (X , L×Gm (t/W )), here di = deg pi , where

C[p1, . . . , pr ] = C[t]W = C[g]G.

(Hitchin base).
• The Hitchin fibration is the map

hG : MG(X) −→ AG(X)

naturally induced from the Chevalley restriction map g → g // G.
• Problem: Study the fibres MG,a = h−1

G (a).
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The symmetries

• Take the centralizer group scheme IG → g, that is

IG,x =
{
g ∈ G : Adgx = x

}
.

It is a smooth group scheme over greg ⊂ g.

Theorem (Ngô)

IG|greg descends to a group scheme JG → g // G, called the regular centralizer.

• Given a ∈ AG(X), we let JG,a = a∗JG be the pullback along the natural map
a : X → [(g // G)/Gm]. Put PG,a = BunJG,a/X .

Theorem (Donagi-Gaitsgory, Ngô)

M
reg
G,a is aPG,a-torsor.⇝ StudyPG,a.
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M
reg
G,a is a PG,a-torsor.

⇝ StudyPG,a.

Guillermo Gallego (UCM — ICMAT) Multiplicative Hitchin fibration and Langlands duality Montreal – 28th February 2024 9 / 24



The symmetries

• Take the centralizer group scheme IG → g, that is

IG,x =
{
g ∈ G : Adgx = x

}
.

It is a smooth group scheme over greg ⊂ g.

Theorem (Ngô)
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The cameral description

Theorem (Donagi-Gaitsgory, Ngô)

PG,a = Pπa,ΨG , where πa : X̃a → X is the cameral cover obtained as the pullback

X̃a L×Gm t

X L×Gm (t/W ).

πa

a

Guillermo Gallego (UCM — ICMAT) Multiplicative Hitchin fibration and Langlands duality Montreal – 28th February 2024 10 / 24



Langlands duality of Hitchin fibrations

• A W -invariant metric on t induces an isomorphism t/W → t∗/W .
• In turn this gives an isomorphism AG(X) → AǦ(X), a 7→ ǎ, and we have

PǦ,ǎ = Pπǎ,ΨǦ
∼= P̌πa,ΨG .

MG(X) MǦ(X)

Pπa,ΨG = PG,a ↷ MG,a MǦ,a ↶ PǦ,ǎ
∼= P̌πa,ΨG

{a} AG(X) ∼= AǦ(X) {ǎ}

Corollary (“Classical limit” of Geometric Langlands)

There is a natural equivalence of derived categories Db(QCoh(PG,a)) → Db(QCoh(PǦ,ǎ)).
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Multiplicative Higgs bundles

• X smooth complex projective curve. Assume G is semisimple simply-connected.
• Let G0 be another complex semisimple group with Gad

0 = Gad.
• MG0,G(X) ={

(E, φ) : E ∈ BunG0(X), φ ∈ Γ(X \ {x1, . . . , xn} , E ×G G) for some x1, . . . , xn ∈ X
}

.
(Moduli stack of multiplicative (G0,G)-Higgs bundles).

• z local coordinate around zi .
φ|Dxi

⇝ well defined element of G0[[z]]\G((z))/G0[[z]] ∼= Λ+ ∼= Λ/W .
• Idea: Prescribe singularities by choosing D =

∑n
i=1 λixi a Λ+-valued divisor on X .
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The multiplicative Hitchin fibration

• Let ϖ1, . . . , ϖr be the fundamental weights of G.
• Multiplicative version of Chevalley: G // Ad(G) ∼= T/W = Spec(C[p1, . . . , pr ]), for
pi = tr(ρi), and ρi the fundamental representation of weight ϖi . (G simply-connected!)

Multiplicative Hitchin fibration (Hurtubise-Markman)

hG0,G : MG0,G,D(X) −→ AG,D(X) =
r⊕

i=1

H0(X ,O(⟨D, ϖi⟩))

(E, φ) 7−→ (p1(φ), . . . , pr(φ)).

• Study the fibres h−1
G0,G,D(a) = MG0,G,D,a.
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The monoid POV (Frenkel-Ngô, Bouthier, J. Chi, G. Wang)

• Idea: Construct a partial compactification GD → X of G over X , depending on the
Λ+-valued divisor D =

∑n
i=1 λixi , such that

MG0,G,D(X) = MapX (X , [G
D/G0]), AG,D(X) = MapX (X ,G

D // Ad(G)).

• Consider the Vinberg monoid Vin(G). This is a natural compactification of (G × T )/ZG ,
endowed with a natural map Vin(G) → A, for A ∼= Ar the T -toric variety defined by

lim
z→0

zλ ∈ A ⇔ λ ∈ Λ+.

The T -action is t · (a1, . . . , ar) = (tα1a1, . . . , tαrar).
• GD is obtained as the pullback

GD [Vin(G)/T ]

X [A/T ] .
(O(D),σO(D))
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The symmetries

• Take the centralizer group scheme IG0,G,D → GD , that is

IG0,G,D,h =
{
g ∈ G0 : ghg−1 = h

}
.

It is a smooth group scheme over GD
reg ⊂ GD .

Theorem (Bouthier–J. Chi–G. Wang)

IG0,G,D|GD
reg

descends to a group scheme JG0,G,D → GD // Ad(G), called the regular centralizer. (G
simply-connected!)

• Given a ∈ AG,D(X), we let JG0,G,D,a = a∗JG0,G,D be the pullback along the map
a : X → GD // Ad(G). Put PG0,G,D,a = BunJG0,G,D,a/X

.

Theorem (Bouthier–J. Chi–G. Wang)

MG0,G,D,a = h−1
G0,G,D(a) is a PG0,G,D,a-torsor.
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The cameral description

Theorem (J. Chi–G. Wang)

PG0,G,D,a = Pπa,ΨG0
, where πa : X̃a → X is the cameral cover obtained as the pullback

X̃a TD

X TD/W ∼= GD // Ad(G).

πa

a

• This is indeed a cameral cover, locally isomorphic to t → t/W .

Guillermo Gallego (UCM — ICMAT) Multiplicative Hitchin fibration and Langlands duality Montreal – 28th February 2024 17 / 24



Contents

1 Cameral covers and Langlands duality

2 The Hitchin fibration

3 Multiplicative Hitchin fibrations

4 Duality of multiplicative Hitchin fibrations

Guillermo Gallego (UCM — ICMAT) Multiplicative Hitchin fibration and Langlands duality Montreal – 28th February 2024 18 / 24



The simply-laced case

• Let G be a semisimple simply-connected group. Let G0,G1 be semisimple groups with
Gad

0 = Gad
1 = Gad.

• Let D be a Λ+-valued divisor and consider the stacks M0 = MG0,G,D(X) and
M1 = MG1,G,D(X).

• Both stacks fiber over AG,D(X). Take a ∈ AG,D(X) and consider the fibres M0,a and M1,a.
• These fibres are torsors over P0,a = Pπa,ΨG0

and P1,a = Pπa,ΨG1
, respectively.

• If G is simply-laced, we can take G0 and G1 to be Langlands dual, and thus

P1,a = Pπa,ΨG1
= Pπa,Ψ∨

G0
= P̌πa,ΨG0

∼= P∨
0,a.

Theorem (G.–Morrissey)

If G is simply-laced, there is a natural equivalence of derived categories

Db(QCoh(PG0,G,D,a)) → Db(QCoh(PǦ0,G,D,a)).
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Folding

• Non simply-laced non self-dual groups can be obtained from simply-laced ones by means
of folding.

• Let G be a semisimple group, ΨG = (Φ, Λ̌, Φ̌,Λ), and θ ∈ Aut(G) an automorphism
stabilizing ΨG .

• From Φ and θ one can construct the folded root system Φθ .
• The root datum ΨGθ

= (Φθ, Λ̌
θ,Φ∨

θ ,Λθ) defines a group Gθ called the coinvariant group.

• Gθ is Langlands dual to (Ǧθ̌)0.
• Gθ // Ad(Gθ) is isomorphic to G/θG, with G acting on itself through θ-twisted conjugation.

[Moehrdieck].
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The twisted multiplicative Hitchin fibration

• X smooth complex projective curve. Assume G is semisimple simply-connected.
• MG,θ(X) ={

(E, φ) : E ∈ BunG(X), φ ∈ Γ(X \ {x1, . . . , xn} , E ×(G,θ) G) for some x1, . . . , xn ∈ X
}

.
(Moduli stack of θ-twisted multiplicative G-Higgs bundles).

• Singularities work the same as in the untwisted case.

• Let η1, . . . , ηs be the fundamental weights of the folded root system Φθ .
• G //θ G

∼= T θ
0 θ/W̃ = Spec(C[q1, . . . , qs]), for qi = tr(ρ̃ηi), W̃ = ((1 − θ)(T ) ∩ T θ

0 )⋊W θ .
• The θ-twisted multiplicative Hitchin fibration

hG,θ,D : MG,θ,D(X) −→ AG,θ,D(X) =
s⊕

i=1

H0(X ,O(⟨D, ηi⟩))

(E, φ) 7−→ (q1(φ), . . . , qs(φ)).

• The θ-twisted multiplicative Hitchin fibration admits a monoid POV and a cameral
description in terms of a cameral curve for tθ → tθ/W . The centralizers are locally T θ .
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General duality

• Assume that H is a semisimple simply-connected non-simply laced group with H = Gθ , for
some semisimple simply-connected simply laced group G. Note that Had = Ǧθ̌ .

• MG,θ,D(X) and MHad,H,D(X) both fiber over AG,θ,D(X) = AH,D(X).

• The fibres are torsors over P̌πa,ΨHad and over Pπa,ΨHad , respectively.

Theorem (G.–Morrissey)

There is a natural equivalence of derived categories

Db(QCoh(PG,θ,D,a)) → Db(QCoh(PHad,H,D,a)).
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Future work

• Statements for very flat monoids.
• G non-simply connected (⇝ regular quotients)
• Multiplicative (G0,G)-Higgs bundles, for general G0,G isogenous. Twisted version?
• Mirror symmetry. Branes.
• Geometric Langlands.
• Connections to 6d SCFT. [Z. Duan–K. Lee–J. Nahmgoong–X. Wang].
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Merci beaucoup!
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