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Part I

Higgs bundles and the Hitchin system
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Higgs bundles

X — Riemann surface.

K — canonical line bundle of X.

G — complex reductive group.

Definition (Hitchin, 1987)
A (principal) G-Higgs bundle is a pair (E, φ), where

E → X is a holomorphic principal G-bundle,

φ ∈ H0((E×G g)⊗ K).

HiggsG — moduli space of G-Higgs bundles. It is a hyperkähler manifold.
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The Chevalley restriction map

t — Cartan subalgebra of g with Weyl group W.

Chevalley theorem: C[g]G = C[p1, . . . , pk], for some invariant polynomials p1, . . . , pk and
k = dim t.

This defines an isomorphism,

g // G −→ t/W

[x] 7−→ (p1(x), . . . , pk(x)).

Example
Take G = GLn and t the diagonal matrices, then p1, . . . , pn are defined by the characteristic
polynomial

det(t− A) = tn +
n∑

i=1

pi(A)tn−i.
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The Hitchin base

Consider the bundle
K×C∗ (t/W) = Kd1 ⊕ · · · ⊕ Kdk ,

for di = deg pi.

The Hitchin base is the space of sections of this bundle

B = H0(X,K×C∗ (t/W)) =

k⊕
i=1

H0(X,Kdi).

“Miracle”:
dimB =

1

2
dimHiggsG.
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The Hitchin system

The Hitchin map is defined as

h : HiggsG −→ B
[E, φ] 7−→ (p1(φ), · · · , pk(φ)).

Theorem (Hitchin, 1987)
The Hitchin map h is an algebraically completely integrable system (i.e. the generic fibre is a
Lagrangian abelian variety).
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Part II

The multiplicative Hitchin system
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The multiplicative Chevalley restriction map

T — maximal torus of G.

There is a natural isomorphism
G // G −→ T/W.

This suggests the existence of a multiplicative Hitchin system.
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Multiplicative Higgs bundles

Definition
A multiplicative G-Higgs bundle is a pair (E, φ), where

E → X is a holomorphic principal G-bundle,

φ is a meromorphic section of E×G G.

Here, φ meromorphic means that it is defined over X \ D, for D = {x1, . . . , xn} a finite subset of
points, called the singular points of φ.
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Meromorphic data (1)

Take (E, φ) a multiplicative G-Higgs bundle and x a singular point of it.

z — local coordinate of X around x.

O = C[[z]], K = C((z)) — rings of formal power and Laurent series.

D = Spec(O), D∗ = Spec(K) — formal disk and formal punctured disk.

Z(O) = HomC(D,Z), Z(K) = HomC(D∗,Z) — positive formal loop space and formal loop
space, for any C-space Z.

The meromorphic datum of φ at x is the double coset

[φ|D∗ ] ∈ G(O)\G(K)/G(O).
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Meromorphic data (2)

Theorem (Iwahori–Matsumoto, 1965)

Let B ⊂ G be a Borel subgroup containing T and consider Λ+
G ⊂ Hom(Gm, T) the corresponding

subset of dominant cocharacters.

Then there is a bijection

Λ+
G −→ G(O)\G(K)/G(O)

λ 7−→ [λ|D∗ ].

Thus, the meromorphic data of a multiplicative Higgs bundle (E, φ) with singular locus
D = {x1, . . . , xn} are given by

λ⃗ = (λ1, . . . , λn) ∈ (Λ+
G )

n.
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The multiplicative Hitchin base

The quotient (E×G G)/(E×G G) is isomorphic to the trivial bundle X× (T/W).

Any meromorphic section of E×G G defines a meromorphic map b : X → T/W.

For any singular locus D = {x1, . . . , xn} and meromorphic data λ⃗ ∈ (Λ+
G )

n

Hurtubise–Markman (2002) construct some variety BD,λ⃗ → X so that

BD,λ⃗|X\D ∼= (X \ D)× (T/W)

if a meromorphic b : X → T/W is defined by a pair (E, φ), then b is a section of BD,λ⃗.

The multiplicative Hitchin base is the space BD,λ⃗ of sections of BD,λ⃗.
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The multiplicative Hitchin system

mHiggsG,D,λ⃗ — moduli space of multiplicative G-Higgs bundles with singular locus D and

meromorphic data λ⃗.

The multiplicative Hitchin map is

H : mHiggsG,D,λ⃗ −→ BD,λ⃗ : [E, φ] 7−→ b.

Theorem (Hurtubise–Markman, 2002)
If gX = 1 (i.e. X is an elliptic curve), then

mHiggsG,D,λ⃗ is smooth and admits a natural symplectic structure, and

H is an algebraically completely integrable system.

(In fact, Elliot–Pestun (2019) showed that, in that case, mHiggsG,D,λ⃗ is hyperkähler).
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Part III

Further directions
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Related topics

Several papers explore the relationship of mHiggsG,D,λ⃗ and the multiplicative Hitchin
system with other moduli spaces and integrable systems coming from physics.

In particular Charbonneau–Hurtubise (2011) and Smith (2016) establish a correspondence
between multiplicative Higgs bundles on a Riemann surface X and singular G-monopoles
with Dirac-type singularities on the 3-manifold X× S1.

The multiplicative Hitchin system has appeared in the Langlands program literature; see
Frenkel–Ngo (2011).

Elliot–Pestun (2019) suggest the existence of a “multiplicative geometric Langlands
correspondence”.
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Involutions on the moduli space

Emulating the work of García-Prada–Ramanan (2019) for (additive) Higgs bundles we are
studying involutions of the form

ι±θ : mHiggsG,D,λ⃗ −→ mHiggsG,D,λ⃗
[E, φ] 7−→ [θ(E), θ(φ)±1],

for θ ∈ Aut2(G) a holomorphic involution.

Branes?
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Involutions on groups

θ ∈ Aut2(G) — holomorphic involution

Gθ = {g ∈ G : θ(g) = g}.
Sθ =

{
g ∈ G : θ(g) = g−1

}
.

θ-twisted action:

∗θ : G× G −→ G

(g, x) 7−→ g ∗θ x = gxθ(g)−1.

Sθ decomposes as a finite number of orbits Sθ =
⊔n

i=1 G ∗θ si (Richardson, 1982).
G ∗θ s = (G ∗θ′ e)s, for θ′ = sθ(−)s−1.
There is an isomorphism of G-varieties

G/Gθ −→ G ∗θ e
gGθ 7−→ g ∗θ e = gθ(g)−1.
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Involutions on the moduli space. The fixed points

Theorem
Let θ ∈ Aut2(G) and (E, φ) a simple multiplicative G-Higgs bundle.

Suppose that (E, φ) is
isomorphic to (θ(E), θ(φ)ϵ), for ϵ ∈ {+1,−1}. Then,

1 E reduces to some Gθ′ bundle Es, for some s ∈ G such that sθ(s) ∈ Z(G) and θ′ = sθ(−)s−1.
2 If ϵ = 1, then φ defines a section of Es ×Gθ′ Gθ′

.
If ϵ = −1, then φ defines a section of Es ×Gθ′ (G ∗θ′ t), for some t ∈ Sθ

′
.

Recall that G ∗θ′ t = (G ∗θ′′ e)t, for θ′′ = tθ′(−)t−1.

In particular, for ϵ = −1 one obtains pairs of the form (E, φ), for E a Gθ′-bundle and φ a
section of G/Gθ′ . But more components appear! Will they get mixed?

Monopole POV?

The meromorphic data of the fixed points of ι−θ lie in the subset of dominant weights
ΛA ∩ Λ+

G , for A a stable θ′-anisotropic torus, and some θ′ in the same clique as θ.
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An interesting generalization

Take G a complex reductive group, H ⊂ G a subgroup, and M = G/H the corresponding
homogeneous space.

Definition
A multiplicative M-Higgs bundle is a pair (E, φ), where

E → X is a holomorphic principal H-bundle,

φ is a meromorphic section of E×H M.

The usual case is recovered by taking G = H× H.
The meromorphic data are given by elements of the quotient M(K)/G(O).
If M is a spherical variety (for example, if it is a symmetric variety), Gaitsgory–Nadler
(2006) show that M(K)/G(O) is in bijection with a subset of dominant coweights Λ+

M ⊂ Λ+
G

associated to M.
Hitchin map? For M symmetric, there is a “multiplicative Chevalley–Konstant–Rallis”
(Richardson, 1982).
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