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Abstract

In this dissertation we explore a generalization of the theory of Higgs bundles over compact
Riemann surfaces, in which the canonical line bundle is replaced by a vector bundle of arbitrary
rank. This kind of situation appears naturally in the study of supersymmetric gauge theories.
From the mathematical point of view, we study several topics: analogous of Hitchin’s equations,
stability, Hitchin—Kobayashi correspondence and a generalization of the spectral curve.

Keywords: Moduli space, vector bundle, Higgs bundle, Hitchin’s equations, Hitchin—Kobayashi
correspondence, Hitchin fibration, spectral curve

Resumen

El objetivo de este trabajo es explorar una generalizacion de la teoria de fibrados de Higgs
sobre superficies de Riemann compactas, en la que se sustituye el fibrado canénico por un fibrado
vectorial de rango arbitrario. Este tipo de situacion aparece de modo natural en el estudio de
teorias gauge supersimétricas. Desde el punto de vista matematico, nos centramos en varios
temas: ecuaciones andlogas a las de Hitchin, estabilidad, correspondencia de Hitchin—Kobayashi
y generalizacion de la curva espectral.

Palabras clave: Espacio de moduli, fibrado vectorial, fibrado de Higgs, ecuaciones de Hitchin,
correspondencia de Hitchin—Kobayashi, fibracion de Hitchin, curva espectral
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Notation

Ox
QPI(X,E)
AutE
EndE
Sym'E
SymE
ANE

The set of natural numbers.

The ring of integer numbers.

The field of real numbers.

The field of complex numbers.

The group of nonzero complex numbers with the product.
The projectivization of V.

The n-dimensional projective space over the field k.

“is isomorphic to”.

If E is a smooth vector bundle, it denotes smooth global sections of E, that is ['(E) =
QO%X,E). If E is an algebraic vector bundle, it denotes global sections, that is I'(E)
HY(X, E).

The set of smooth functions X — C.
The sheaf of smooth functions on X. That is, Cy’(U) = C*(U, O).
The sheaf of nonzero smooth functions on X. That is, Cy""(U) = C*(U, C*).

The sheaf of holomorphic functions on X, if we regard X as a compact Riemann surface,
or the algebraic structure sheaf of X if we regard X as an algebraic projective curve.

The sheaf of nonzero holomorphic functions on X.

The sheaf of smooth forms of type (p, g) on X with coeflicients in the vector bundle E.
The space of automorphisms of the vector bundle E.

The space of endomorphisms of the vector bundle E.

The i-th symmetric power of E.

The symmetric algebra of E.

The i-th wedge power of E.






Introduction

A very short history of the topic

The term moduli space was first introduced by Riemann in the study of the classification of
compact Riemann surfaces to describe the set M, of isomorphism classes of complex structures
on a certain compact surface of genus g. In modern times, although precise definitions exist
(moduli stacks, coarse moduli space, fine moduli space), moduli space roughly refers to some
space parametrizing the set of isomorphism classes of a certain geometric structure.

Even before the term vector bundle existed, some results were known on the classification of
holomorphic vector bundles on compact Riemann surfaces (or equivalently, of algebraic vector
bundles on complex projective algebraic curves). For example, although classically stated in
terms of divisors, the classification of holomorphic line bundles was already implicit in the
Abel-Jacobi theorem (check out [ ] for a proof of this theorem). In 1938, Weil [ ]
proved the generalization of the Riemann—Roch theorem for vector bundles and started seeking
a generalization of the Jacobian variety, hence approaching to the idea of a “moduli space of
vector bundles”.

This foundational work was essentially all that there was about this topic until the 1950s.
In 1957, Grothendieck [ ] proved that every holomorphic vector bundle on the Riemann
sphere PlC can be decomposed as a sum of line bundles, although it is considered that this is
implicit in much earlier work by Birkhoff in 1909 [ ]. Also in 1957, Atiyah [ ] gave
the classification of vector bundles on elliptic curves.

The first great revolution came with the introduction of Geometric Invariant Theory (GIT)
by Mumford in the early 1960s [ ]. Mumford introduced the concept of stability and
gave a construction of the moduli space of stable vector bundles. This theory was explored
and developed by the Indian school of algebraic geometry [ ], led by Biswas, Narasimhan,
Ramanan, Seshadri and others. Probably the greatest result of this period is the Narasimhan—
Seshadri theorem [ ], which identified the moduli space of stable vector bundles of rank
n over a certain compact Riemann surface X with the moduli space of irreducible projective
representations of the fundamental group 71 (X) of X in the unitary group U(n) (this is known
as the U(n)-character variety of m1(X)).

The second great revolution came with the introduction of methods coming from Mathe-
matical Physics. During the late 1970s and the early 1980s, Atiyah, Bott, Hitchin and others
started applying ideas from Gauge Theory, which allowed to see some geometric structures as
connections satisfying the Yang—Mills equation. In this way, some moduli spaces that had been
studied from the algebraic point of view could now be regarded as spaces of gauge-equivalence

11
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classes of solutions to non-linear PDEs. In 1983, Donaldson, who still was an student of Atiyah

and Hitchin, following along the lines of the work of Atiyah and Bott [ ] and using an
analytic result by Uhlenbeck [ ] gave a new proof of the theorem of Narasimhan—Seshadri
from this point of view [ ]. What Donaldson proved is that an indecomposable Hermitian

holomorphic vector bundle on a compact Riemann surface is stable precisely if it admits a com-
patible unitary connection of constant central curvature; holonomy can then be used to obtain
the theorem of Narasimhan—Seshadri as an easy corollary of this.

Higgs bundles were introduced by Hitchin in his 1987 seminal paper [ ] in the study of
the reduction of self-duality equations on a Riemann surface. The equations he obtained are now
called Hitchin’s equations. A Higgs bundle over a compact Riemann surface X is a pair (E, ¢),
where ¢ : E — E ® Kx is an endomorphism twisted by the canonical line bundle Kx of X.
Hitchin decided to call ¢ the Higgs field since it can be related to some fields that in a physical
context describe the (now infamous) “Higgs particles”. In that paper Hitchin also introduced a
notion of stability, related it with the Hitchin’s equations (Hitchin—Kobayashi correspondence)
and constructed the moduli space of stable Higgs bundles.

Later that year, in [ ] Higgs bundles appeared again in a different, but also natural
context, when considering the Hitchin fibration. Hitchin notes that the cotangent space of the
moduli space of vector bundles consists precisely on Higgs bundles, and that the evaluation of
the characteristic polynomial of a twisted endomorphism gives a complex integrable system on
this cotangent space. The way he proves this is by identifying the fibres of this map with open
sets in Jacobians of a certain spectral curve. If you include the missing points to get the full
Jacobian it turns out that you get the full moduli space of stable Higgs bundles. In this article,
the notion of Higgs bundle was also generalized to the setting of principal G-bundles, for certain
complex semi-simple Lie groups G ¢ GL(n, C).

In 1988, Simpson [ ] generalized the notion of Higgs bundle (in fact, the term “Higgs
bundle” was introduced by him, Hitchin just talked about “the Higgs field”) to the context of
higher dimensional Kéhler manifolds. Relying on the theorems proven by Donaldson in 1987
[ ] and Corlette in 1988 [ ], Simpson proved a generalization of the Narasimhan—
Seshadri theorem and of the Hitchin—Kobayashi correspondence known as the Nonabelian
Hodge correspondence | ], that identifies the moduli space of stable G-Higgs bundles
over a Riemann surface X with the G-character variety of m1(X). The spectral curve and the
associated spectral correspondence was generalized to pairs (E, ¢), where ¢ : E — E ® L is an
endomorphism twisted by any line bundle L, in 1989 by Beauville, Narasimhan and Ramanan
in [ ]. GIT constructions were given by Nitsure in 1991 [ ] and Simpson in 1992
[ I

Since then, the theory of Higgs bundles has evolved in a lot of directions, has been developed
from a lot of points of view and has been used in a wide range of different areas of mathematics,
from Mathematical Physics to Number Theory. It must be said that Higgs bundles have played
a very important role in geometric Langlands theory and that the Hitchin fibration was crucial
in the proof of the Fundamental Lemma of Langlands theory given by Ngo [ ], that won
him the Fields medal in 2010.

The main inspiration of this dissertation comes from a very recent development made by
Xie and Yonekura in the context of N' = 1 supersymmetric gauge theories. In their paper
[ ], Xie and Yonekura study what they call generalized Hitchin equations and relate it with
pairs (E, ¢), where E is a vector bundle on a Riemann surface X and ¢ : E - E® V is an
endomorphism twisted by another vector bundle V of arbitrary rank. Here we are interested in
generalizing the well known notions of Higgs bundles to this more general case. In particular,
we construct a “generalized spectral correspondence” that extends the result of [ ].
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Structure of this document

This dissertation consists on four chapters (apart from this introduction and the notation section).
The first three chapters are intended to give a survey of an already well known topic, the study
of the moduli spaces of vector bundles and of (classical) Higgs bundles. The last chapter gives
new original results.

The first chapter starts explaining why knowing the rank and the degree of a vector bundle on
a Riemann surface suffice to determine its topological isomorphism class. Later, we approach the
problem of classifying vector bundles up to holomorphic isomorphism. We study the different
forms of regarding an holomorphic structure on a vector bundle, define the notion of stability
and the moduli space of stable vector bundles and state the theorem of Narasimhan—Seshadri.
We also use deformation theory to obtain the dimension of the moduli space.

The second chapter serves as an interlude between the first and third chapter. In this chapter
we give the basic notions of analysis and symplectic geometry necessary to understand part of
the document. We introduce the concept of Banach manifold and develop symplectic geometry
in an infinite-dimensional setting. We define momentum map and symplectic reduction, and
give a proof of the Marsden—Weinstein theorem. At the end of the chapter, we use the concepts
defined to obtain the moduli space of stable vector bundle as a symplectic quotient.

The third chapter consists essentialy in a survey of parts of the papers [ 1, [ ]
and [ ]. In this chapter we study the Hitchin system and the spectral correspondence of
Beauville-Narasimhan—Ramanan. We define Higgs bundles and the notion of stability, introduce
the Hitchin equations and state the Hitchin—Kobayashi correspondence. We also explore the
same concepts from the algebraic point of view, which yields a different perspective on the same
results and settles the main ideas used in the results of chapter IV. Finally, we introduce the
generalization of Higgs bundles to the case of principal G-bundles, for G a complex semi-simple
Lie group, considering in detail the case of G = SL(n, C).

The last chapter covers all the new topics that are being introduced in this dissertation.
We start by defining Higgs bundles twisted by a vector bundle and writing a generalization of
Hitchin’s equation. We also study the generalization of the Hitchin system and of the Beauville—
Narasimhan—Ramanan spectral correspondence to this case. In the last section we discuss some
further directions and open questions that remain unanswered.
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CHAPTER |

Vector bundles on Riemann surfaces

§ 1. Topological classification of vector bundles

The first step towards the classification of vector bundles on Riemann surfaces is their “topolog-
ical” classification. That is, we want to classify smooth complex vector bundles on a Riemann
surface up to C* isomorphism. This is in fact pretty easy to do, since the problem can be
reduced to the classification of line bundles.

Theorem 1.1.1. If E is a rank n smooth complex vector bundle over a compact Riemann surface
X then it is isomorphic to det E & (X x C"™1).

Proof. We will proceed by induction on n. Of course, if E is a line bundle, E = det E. Now,
take n > 1, suppose that it is true for any vector bundle of rank n — 1 and let E be a rank n vector
bundle.

Lemma 1.1.2. E has a nowhere vanishing section.

Proof. Let sg be the zero section of E and So = so(X) C E. By the transversality theorem
[ ], we can densely choose a section s € I'(E) transversal to Sy. Now, if s vanishes at some
point x € X, then s(x) € Sp and, since s is transversal to S,

dys(TyX) + TS(X)S() = TS(X)E.

Butdimg £ = 2n+ 2, dimg So = 2 and dimg d,s(7T,X) < dimgr X = 2, so, if n > 1, dimensions
do not add up to verify the above equality and therefore we get a contradiction. O

Let us continue with the proof of the theorem. Since E has a nowhere vanishing section s,
we can define the line bundle

L= |span(s(x)).

xeX

with

n:L— X

As(x) — x.

Therefore, we can decompose E = E’ @ L, with E’ a rank n — 1 vector bundle. For example,
fixing a metric on E, we can define E’ to be the orthogonal complement of L. But observe now

15



16 CHAPTER 1. VECTOR BUNDLES ON RIEMANN SURFACES

that L is isomorphic to the trivial line bundle: the bundle morphism

XxC—L
(x, 1) > As(x),

is in fact an isomorphism. This can be proven by defining a metric on L and normalizing
s + s/|Is|l. Then we can define the inverse y € L — (n(y), {s(7(y)), y)) € X x C.

Thus, we have shown that £ = E’ @ (X x C). Now, applying the induction hypothesis,
E' =detE' @ (X x C"?),s0 E = det E’ ® (X x C""!). Finally, via transition functions it can
be easily shown that det E = det E’. O

This last theorem says that vector bundles can be topologically classified by their rank and
their determinant, which is a line bundle. Let us proceed then with the classification of line
bundles. Recall that all the data of a line bundle can be recovered by the transition functions
{gap € C*(Uy NUg, C*)} defining it, where {U, } is an open cover of X. These functions verify
the cocycle condition

8ap = 8yB " 8ay-

Also recall that an isomorphism of vector bundles induces a coboundary on the transition
functions

gaﬂ = f(s_ﬁl *8ys - fyw
Therefore, topological (C*) isomorphism classes of vector bundles are parametrized by the

Cech cohomology group
H'(X,CY).

To obtain more information about this cohomology group we are going to introduce a very
powerful tool: the first Chern class of a vector bundle.

Recall from Chern—Weil theory [ , ] that for any complex vector bundle E over X
and for any connection V on E with associated curvature form F, the 2-form trF is closed and its
de Rham cohomology class [trF] € HC%R(X ) does not depend on the choice of the connection, so
it is an invariant of the vector bundle E. If we normalize this form to get an integer cohomology

class, we can define the first Chern class of E as the cohomology class:
I 2
c1(E) = [%trF] € Hip (X).

We define the degree of a vector bundle E as the pairing of ¢ (E) with the fundamental class of
X, that is

i
degE = —trF.
X 2
The next proposition [ ] summarizes the most important properties about the degree that

we are going to use:

Proposition 1.1.3 (Properties of the degree). Let E and E’ be complex vector bundles over a
compact Riemann surface X.

1. deg(E) depends only on the isomorphism class of E.
2. deg(E) € Z.

3. deg(E @ E’) = deg(E) + deg(E").
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4. deg(EQ E’) =rkE’deg E + rkE deg E’.
5. deg E = deg(det E).

6. Let 5§ : H' (X, C;O’*) — H?(X,Z) be the connecting homomorphism of the long exact
sequence in cohomology induced by the exponential sheaf exact sequence

0 s 7 s CX S Co 5 0,

2ni f

where exp(f) = e”™/. The diagram

H'(X,Cy™) —2 HX(X.Z)

T

2
HZ(X),

Is commutative.

This last property will be crucial in the classification of line bundles. Let us consider again
the exponential sheaf exact sequence

00— Z — C —23 CPF — 0.

The existence of smooth partitions of unity implies that the sheaf C} is fine, so H (X, CYy) =
H*(X,Cy) = 0. Therefore, the connecting map 6 : H'(X, Cy’) — H*(X,Z) is an isomor-
phism. If we now consider the set of integer de Rham cohomology classes, HgR(X, Z), which
is just the image of H?(X,Z) by the inclusion H*(X,Z) <> HgR(X ), we get an isomorphism
e H'(X, C;”*) - HgR(X, 7). Now, the isomorphism HgR(X) =~ C given by integration on
X, descends to an isomorphism H gR(X ,Z) = Z. Summarizing, we have the diagram

X, O —y 12,(%,2) 2 7,

deg

That is, the degree gives an isomorphism between the set of isomorphism classes of smooth line
bundles and Z. This concludes the topological classification of vector bundles, which we can
gather in the next theorem

Theorem 1.1.4. Smooth complex vector bundles over a compact Riemann surfaces are classified,
up to C* isomorphism, by their rank and their degree.

§ 2. The problem of classification of holomorphic vector bundles

Now that we have classified vector bundles up to topological (C*) isomorphism, we are going to
pursue the full classification of holomorphic vector bundles over Riemann surfaces. According
to the results of last section, we can reduce our problem to the study of the “list” of isomorphism
classes of holomorphic vector bundles of fixed rank » and degree d (regarding them in particular
as complex vector bundles). From the beginning, this problem gets really involved, since these
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“lists” are so big that they themselves admit a non-trivial geometric structure. These are the so
called moduli spaces. Therefore, the classification problem translates to that of investigating
the geometric properties of the associated moduli spaces.

To illustrate these ideas in more detail, let us consider the case of holomorphic line bundles.
The same arguments regarding Cech cocycles of the previous section also apply now to show
that the isomorphism classes of holomorphic vector bundles are parametrized by the sheaf

cohomology group
H'(X,0%).

This cohomology group is called the Picard group of X and we denote it by Pic(X). Now, as
above, we can consider the exponential sheaf sequence

exp
0 > Z > Ox > Oy > 0,

and the connecting operator & : H'(X, 0y) —» H 2(X,Z) of the induced long exact sequence in
cohomology. Analogously to the previous section, one can show that the diagram

Pic(X) —2— H*(X,Z)

R

Hi (X)

is commutative. However, unlike the smooth case, the sheaf @y is not fine, since there are
not holomorphic partitions of unity, so in general ¢ is not an isomorphism anymore. Let
Pic®(X) = ker 6 c Pic(X) be the subgroup of degree zero line bundles. Then, we have an exact
sequence

0 — H'(X,Z) — H'(X,0x) —> Pic®(X) —> 0.

Therefore Pic®(X) = H' (X, Ox)/H" (X, Z). Now, the Dolbeaut theorem says that H' (X, Ox) =
H%!'(X) and the Hodge decomposition theorem says that H'(X,C) = HY(X) @ H*'(X).
Also, by Serre duality, H"°(X) = H%!'(X)* and via Mayer-Vietoris one can easily prove that
H'(X,C) = C?¢ and that H'(X,Z) = Z*¢, where g is the genus of X. Putting all this together
we have that H' (X, Ox) = C&, so Pic’(X) is a complex torus. We call this complex torus

H'(X,0x)

J(X) = H(X.Z)

the Jacobian of X. The other components of fixed degree of Pic(X) can be also shown to be
isomorphic to the Jacobian of X, via the isomorphism

Pic?(X) — Pic’(X)
L— LM,

where M € Pic™¢(X) is a fixed line bundle. It is of course injective, sinceif L& M = L' ® M,
then
L=LMIM =L'eMM" =1L

and it is also surjective since for every line bundle L € Pic®(X), L = (L ® M*) ® M.
The result for line bundles already hints on the complexity of the general problem. However,
for very low genus the problem can be solved relatively easily. For genus 0, Grothendieck [ ]
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proved that every holomorphic vector bundle on the Riemann sphere P}: can be decomposed as
a direct sum of line bundles. For genus 1, it was Atiyah [ ] who showed that the “moduli
space” of indecomposable vector bundles with fixed rank and degree over an elliptic curve is
isomorphic to the curve itself.

The problem gets its full complexity in the case of general genus g > 2, for which we
will dedicate the rest of the chapter. To construct a “good” moduli space (one with nice
topological properties, like being Hausdorff) we need to consider the idea of stability, arising
from Mumford’s Geometric Invariant Theory [ ]. This theory also allows to construct
the moduli space of stable vector bundles, although it can also be done using analytic methods
[ ]. This moduli space has very nice and interesting geometric properties and it has been
studied from the algebraic point of view (for example in the works of Narasimhan, Ramanan
or Seshadri) as well as from the analytical or gauge-theoretical point of view (by Atiyah, Bott,
Donaldson or Hitchin, for example).

§ 3. Holomorphic structures as Dolbeaut operators

Let E be a holomorphic vector bundle on a compact Riemann surface X. Associated to E, we
have the Dolbeaut operator

dg : QP1(X,E) — QP 1(X E)

which satisfies
de(ay) = (Ba)y + (=) A Ogy,
forevery @ € QP (X), ¥ € I'(E), and
9 = 0.

Conversely, if E is a C*™ complex vector bundle, any operator O : QP4(X,E) —» QP Y(X, E)
which satisfies the conditions above induces on E the structure of a holomorphic vector bundle.
The idea here is that 51% = 0 is the integrability condition for the PDE dgs = 0 (check out [ ]
for a proof of this fact). The solutions of this PDE are the holomorphic vector functions, so the
sheaf of local solutions is locally free over Oy and therefore it is an holomorphic vector bundle
supported on E. In conclusion, if we define &5 to be the set of all such g operators satisfying
the previous conditions, this set is in bijection with the set of all holomorphic structures on E.

Now let us consider the group &° of gauge transformations of the C* complex vector bundle
E, that is, diffeomorphisms g : E — E such that the diagram

E d > E
X
commutes. That is, ¥¢ = I'(AutE). This group acts on &/; by the rule
g0 =glkg™".
Therefore we can identify the quotient set &f5/&° with the set of isomorphism classes of
holomorphic vector bundles of rank rkE and degree deg E. Even though &5 and ¢ are infinite-
dimensional spaces, using analytic techniques [ ] they can be given the structure of Banach
manifolds (roughly, spaces locally modeled by Banach spaces) and this quotient space can be
precisely constructed. This has however a serious problem: the obtained space is not Hausdorff.

Nevertheless, if we restrict ourselves to the class of stable vector bundles, with the same analytic
methods we can obtain a “good” moduli space.
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Definition 1.3.1 (Stable vector bundles). Let E be a complex vector bundle over a compact
Riemann surface X. We define the slope of E as the number

U(E) = deg E/TKE.

We say that a holomorphic vector bundle E = (E, d) is stable if for every proper holomorphic
subbundle E’  E (that is, for every subbundle E” C E such that 9 preserves E’),

U(E") < u(E).

Letn = rkE and d = deg E. We consider o/ C o5 the subset of stable holomorphic bundles

E = (E, dg) and define the moduli space of stable holomorphic vector bundles of rank n and
degree d as the quotient
N(n,d) = .szf(;/?c.

Using analytic methods [ ] one can show

Theorem 1.3.2. The moduli space N (n,d) is a complex manifold of dimension 1 + n*(g — 1),
where g is the genus of X.

§ 4. Deformations of holomorphic structures

In this section we are going to compute the dimension of ./ (n, d), stated in Theorem 1.3.2, using
deformation theory. The idea is to identify the tangent space of . (1, d) at some point dg and
find its dimension.

In first place, observe that & is an affine space modelled on Q%!(X,End E). Therefore, the
tangent space of &/ at O is isomorphic to Q%! (X, End E). Now, let Lie €¢ = I'(End E) be the
Lie algebra of ¢ and pick an element ¢ € I'(End E). Let us compute the action of this element
on the tangent space QO (X,End E),

d _ )
7 exp(&1)Og exp(—€t) = —Og€.
=0

Hence, since stability is an open condition, the tangent space T, ./ (n, d) is isomorphic to

Q%! (X,End E)
ogl(End E)

H'(X,EndE) =

To compute the dimension of this tangent space, we use the Riemann—Roch theorem
dim H°(X,End E) — dim H!(X, End E) = deg(End E) + rk(End E)(1 — g).
Now, note that End £ = Hom(E, E) = E* ® E, so
rk(End E) = n?

and
deg(End E) = tk(E™) deg(E) + rk(E) deg(E*) = ndeg E — ndeg E = 0.

Therefore
dim H(X,End E) — dim H'(X,End E) = n*(1 - g).

To find the dimension of H°(X, End E) we use the following result:
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Proposition 1.4.1. IfE is a stable holomorphic vector bundle, then
H°(X,EndE) = C.

Proof. What we will see is that every endomorphism is a scalar multiple of the identity 1g.
Pick any endomorphism f : E — E and let 4 € C be an eigenvalue of f, : E, — E,. Let us
define the endomorphism g = f — Alg. Since A is an eigenvalue of f,, we have detg, = O.
Assuming that g is nonzero, we will prove that g is injective and hence det g, # 0 arriving at a
contradiction. To see this, suppose that im g C E is a holomorphic strict subbundle of E. Then,
since E is stable, u(im g) < u(E). But we also have that u(E) < u(im g), so u(E) < u(E) and
we have a contradiction. Therefore g is injective. We conclude then that g = 0,s0 f = A1g. O

Finally, we get

dim ¥ (n,d) = dim H' (X,End E) = 1 + n’(g — 1).

§ 5. Holomorphic structures and unitary connections

Although we will not enter into detail, the main reason why the quotient &5/ is not Hausdorff
and why we need to introduce the stability condition is that the group €¢ = T'(AutE) is a
complex group. Indeed, it is the complexification of the group & = I'(U,(E)), where h is a
Hermitian metric on E and U, (E) is the subgroup of AutE consisting on automorphisms of E
preserving the metric 4. The idea for this is essentially that the general linear group GL(n, C) is
the complexification of the unitary group U(n). This motivates the study of unitary connections,
which will give a gauge-theoretical approach to holomorphic vector bundles. This will allow us
to give another analytical construction of the moduli space, this time as the space of solutions
(up to gauge equivalence) to some differential equation.

LetE = (E, Og) be a holomorphic vector bundle on X and let 4 be a Hermitian metric on E.
Recall that for any connection V : T'(E) — QL(X, E) = Q'0(X, E) @ Q%' (X, E) on E there is a
natural splitting V = V19 + V91 where

v T(E) — QY(X, E),
vol: T(E) — Q*(X, E).

The Chern connection in (E, h) is the unique h-unitary connection (that is,

d(&,m) = V&, ) + (&, V),

for &, i local sections of E) such that
Vo =85 : T(E) - Q" (X, E).

Goto [ ] for a proof of the existence and uniqueness of this connection.

Conversely, given any A-unitary connection V on E, we can define a holomorphic structure by
fixing 9 = V*! and extending to operators Q?4(X, E) — QP9*1(X, E) by linearity. Therefore,
the set holomorphic structures on E can be identified with the set &/}, of all h-unitary connections
onE.

Note now that the curvature of any connection on E must satisfy that the cohomology class

[trF] = —i2nci(E).
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Fixing an area form wy on X so that f y WX = 1, we can choose a representative of c{(E) of the
form kwy, where k € C is a constant. Of course,

degE:f(,’](E):fka:k,
X X

so k = deg E. Therefore we can ask if there is a connection on E such that its curvature satisfies
trF = -2mideg(E)wy.

Or, more generally, if 1r denotes the identity endomorphism of E, we can ask whether

F o —oniEE
rkE

lex.

Recall that we defined the number u(E) = deg E/rkE as the slope of E.

Definition I.5.1. We say that a connection V on a complex vector bundle E has constant central
curvature if is curvature F satisfies

F=-2rniu(E)1pwy.
In particular, if deg E = 0, F = 0 and we say that V is a flat connection.
Finally, we want to consider connections that are irreducible:

Definition L.5.2. A unitary connection V on a complex Hermitian vector bundle (E, h) is
reducible it (E, h) = (E1,h;) ® (E2, hp) and V = V| @ V,. We say that V is irreducible if it is
not reducible.

Let us consider then the set &, of all h-unitary irreducible connections of central constant

curvature on E. The gauge group € acts on connections by conjugation V > gVg~!, ¢ € @, and
this action preserves irreducibility and the equation of constant central curvature, so the group
@ acts on &/,. Now, the same analytic techniques mentioned in the previous section [ ]
allow us to construct a “good” quotient:

Theorem 1.5.3. The moduli space of irreducible constant central curvature unitary connections
A, % on (E, h) has the structure of a smooth real manifold of dimension 2 + 2n2(g — 1), where
n = rtkE and g is the genus of X.

Now, Donaldson’s version of the theorem of Narasimhan—Seshadri relates this moduli space
with the moduli space of stable holomorphic vector bundles.

Theorem L.5.4 (Donaldson—Narasimhan—Seshadri). Let (E, h) be a Hermitian complex vector
bundle of rank n and degree d on a compact Riemann surface X. An irreducible unitary
connection V has constant central curvature if and only if the associated holomorphic vector
bundle (E, V%) is stable.

This can be reformulated in terms of moduli spaces:
Corollary 1.5.5. The map
Ap — Az
Vi VoL
descends to a homeomorphism

A% = dg/?c =N (nd).
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We will prove the “easy” direction of the equivalence. The proof in the other direction
consists in defining the Yang—Mills functional and looking for a minimum of it using analytic
techniques, in particular a theorem by Uhlenbeck [ ]. Check [ ] for the details.

Proof. First, let us suppose that V has constant central curvature
d
F = —27Ti—1wa,
n

and define 0g = V%!. Let E’ C E be a subbundle preserved by dg. The Hermitian metric gives
a smooth splitting

E=E oEFE",

and we can write _

- (e B

6E - ( 0 a_E// )
where dg/ and O~ are the restrictions of dg to E’ and E” and 8 € Q%! (X, Hom(E”, E’)). Now
V can be written as

_( Ve B
V - ( —ﬁT VE" )a

where Vg and Vg~ are the connections associated to dgs and dg~ and
BT = xp € QO (X, Hom(E', E"))

is the transpose (on the matrix part) conjugate (on the form part) of 8. The curvature of V can
be written now as

FE’ - ,BﬁT VHom(E” E/):B ) -d
F = . = 2ni—1gpwy,
( ~VhomE.enB'  Fer— BB EEX

where we understand B,BT as BB" ® @ A @, where B € Hom(E”, E) and a € Q%! (X) (take a
look at Remark III.3.1). The first corner of this equality now says that

d
Fp - BB = “2mi—lpwy.

Taking the trace and integrating we get

' KE’
wFp — Lftr(ﬁﬁT) = d—.
2 Jx n

i

2r X

Therefore
degk’ d

d, L t
KE. n @ 2x f};tr(ﬁﬁ )

Now, tr(5 ,BT) is precisely —|| ﬂ||2cu x. Thus we have proven that

u(E’) = u(E) - 11811

The connection V is irreducible, so || 8]| # 0 and u(E’) < u(E). That is, E is stable. O






CHAPTERII

Momentum maps and symplectic quotients

§ 1. Banach manifolds

For the purpose of this text it is necessary to work on an infinite-dimensional context, so we
can construct the moduli spaces as quotients of infinite-dimensional manifolds. To do this, we
need to consider an infinite-dimensional analogous to differential calculus and the notion of an
infinite-dimensional smooth manifold. Here we just state the basic definitions and results, which
are a direct generalization of the classical ones, and refer to [ , ] for more details.

Definition I1.1.1. Let £ and F be Banach spaces and U C E an open set. Let f : E — F be a
continuous map. We say that f is differentiable at a point xo € U if there exists a continuous
linear map dy, f : E — F such that

- Il.f (xo + h) — f(x0) —dx, f (W

li
h—0 12l g

=0.

If this map d,, f exists, then it is unique and it is called the derivative of f at xo. If f is
differentiable at every point of U, then we have a map

df :U — L(E,F)
X +—d,f,
where L(E, F) denotes the set of bounded linear maps £ — F. If df is continuous, we say that
f is of class C'. Inductively, we define maps of class C?, for p € N U {oo}. If f is of class C*,
we say that it is smooth. If f is a bijective map of class C? such that its inverse is also of class

CP?, we say that f is a CP-diffeomorphism. If we do not specify, by a diffeomorphism we just
mean a C*-diffeomorphism.

As we said above, all the basic definitions and results of classical differential calculus (the
chain rule, Taylor’s formula, inverse and implicit function theorems etc.) can be generalized to
the infinite-dimensional context.

Definition II.1.2. Let X be a Hausdorff topological space. An atlas of class CP on X is a
collection of charts (U,, ¢, ) such that

1. The U, C X are open subsets of X, and X = | J, U,.

2. Each ¢, : U, — V, is ahomeomorphism of U, onto some open subset of a Banach space
Vo C E, and for any a, B, ¢, (U, N Up) is open in E,,.

25
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3. The map
90 @s!  pa(Uy NUR) — ¢p(Uy NUp)

is a CP-diffeomorphism for each pair of indices a, 3.

Compatibility classes for this kind of atlases are defined like in the finite-dimensional case.
An equivalence class of this atlases (or a maximal atlas) is what gives X the structure of a
C?-Banach manifold. A C*-Banach manifold is what we call a Banach smooth manifold.

Let X be a Banach smooth manifold and x € X. Consider triples (U, ¢, v), where (U, ¢) is a
chart at x with ¢ : U — E, E a Banach space, and v € E. We say that two such triples (U, ¢, v)
and (U, ¢’, V") are equivalent if

doy (@' 09 H(V) = V.

The chain rule guarantees that this is an equivalence relation and an equivalence class is called a
tangent vector of X at x. The set of these equivalence classes is denoted by 7 X and it acquires
the structure of a Banach space via the bijection [(U, ¢, v)] < v. We call this space the tangent
space of X at x.

Remark 11.1.3. As one can notice, the previous definition is analogous to one of the classical
definitions of the tangent space. However, not all the classical definitions coincide in the infinite-
dimensional setting. For example, although in general this definition can be seen to coincide
with the one given as equivalence classes of curves with the same velocity, it does not coincide
with the one given using derivations. In a general case in which the model space is not reflexive
there are more derivations than tangent vectors.

Now that we have a good notion of what the tangent space is in an infinite-dimensional
setting one can give all the typical constructions derived from it just like in the classical theory.
In that way we can generalize to the context of Banach manifolds the notions of the tangent and
cotangent bundles and all its tensor powers, vector fields, differential forms, the d operator, the
induced maps on these sets, etc.

To finish the section, we generalize the notion of a Lie group. A Banach Lie group is a
Banach smooth manifold that has a group structure consistent with its manifold structure, that
is, such that the group multiplication

GxXG—G
(g, h) — gh

is a smooth map. As in the classical case, the Lie algebra g of G is just the tangent space at the
identity 7,G, which again happens to be isomorphic to the space the set of (left) invariant vector
fields, so it is naturally equipped with a Lie bracket.

§ 2. Symplectic manifolds and the momentum map

Definition I1.2.1. Let X be a Banach smooth manifold. A symplectic form on X is a non-
degenerate closed 2-form on X, that is, a 2-form w satisfying:

1. Foreach x € X, w, : T, X X T, X — R is continuous;
2. For each x € X, w, is non-degenerate, i.e., if w,(u,v) = 0 for all v € T, X, then u = 0;

3. wy is smooth in x;
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4. wisclosed,i.e., dw = 0.
The pair (X, w) is called a symplectic manifold.

Note that the form w, defines a bounded linear map

T.X — T, X*

Vvi— w(v,—).

Unlike in the finite-dimensional case, the non-degeneracy condition does not imply that this
map is bijective, although it does imply that it is injective.

Example I1.2.2. The cotangent space 7*M of any smooth manifold can be endowed with a
symplectic structure in the following way. We first consider the bundle projectionn : T"M — M
and the pull-back bundle

mT"M —— T°M

"M —X s M.

This bundle has a tautological section 8 € I'(T*M,n*T*M): 6(y) = (y,y) foreachy € T*M.
The differential of this section w = d@ is a symplectic form on 7*M. Locally, if M is finite-
dimensional and (xy, ..., x,) are coordinates on M and cotangent vectors are parametrized by
coordinates (yy, ..., y»), the form 6 is defined by

0= z”: yidx;,
i=1

n

and

w = dy; N dx;.
i=1

O

We say that a vector field v : X — TX on a symplectic manifold (X, w) is symplectic if the
Lie derivative Lyw vanishes, that is, if

Lyw = d(iyw) + iy(dw) = 0,

where iy denotes the contraction. Since w is closed, v is symplectic if and only if the 1-form
iyw is closed. We say that v is Hamiltonian if iyw is exact. In that case, there exists a function
f : X — R, called the Hamiltonian of v such that

df = _ivw.

The minus sign in the last equality is just a widely used convention. Of course, if the first de Rham
cohomology of X vanishes, HC}R(X ) = 0, then every symplectic vector field is Hamiltonian. In
particular, every symplectic vector field is locally Hamiltonian. Reciprocally, to every function
f : X — R, we can define the Hamiltonian vector field associated to f as the vector field v
determined by the equation

df = —iy,w.



28 CHAPTER II. MOMENTUM MAPS AND SYMPLECTIC QUOTIENTS

Given two functions f and g, we define their Poisson bracket as the function

{f.8}=vrg=-vof =—{g f}.
Two functions are said to Poisson commute if { f, g} = 0.

Example I1.2.3. We can consider the cotangent bundle 7*M of some manifold M with the

canonical symplectic structure w = ) dy; A dx;. If f and g are functions of (yy,..., y,) alone,
of
df = —dy;, =
f Z dy; Yi Iy,
SO
vo= S 9L 0
77 Lidy ox
Thus,
.. _\9f og
O

Let G be a Banach Lie group acting symplectically on X. That is, if we denote the action by
p: G — Diff(X), for every g € G we have

pg)w=w.

Let g be the Lie algebra of G and g™ its dual Banach space. Recall that to every element & € g
we can associate the vector field £ defined as the infinitesimal generator of p(expt£). Consider
now a smooth map u : X — g* and, for every ¢ € g define the function

He: X — R
x = (u(x), &),
where (—, —) denotes the natural pairing between g and its dual. We say that u is a momentum
map' for the action of G on X if for every & € g, the vector field ¢ is Hamiltonian with

Hamiltonian y¢, that is, if
d,ug =—i 50)

or, equivalently, if R
(dxp(u), &) = w(u, £(x)),

for every u € T, X, where d,u : T,X — g* is the derivative of u at x.

Example I1.2.4. Let (X, w) be any finite-dimensional symplectic manifold and fy,..., f; :
X — Rbe functions. If the vector fields v, . .., vy, form the basis of a Lie sub-algebra g of the
Lie algebra of vector fields on X, then the functions define a map

u:X —og"

x = Z D&
i=1

!Originally due to a bad translation by Marsden and Weinstein of the French term “application moment”,
introduced by Souriau, it is not uncommon in the literature to call this the “moment” map. The physically correct
term is “momentum” map since it is a generalization of the physical notions of linear and angular momentum.
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where {&;} is the dual basis of {V fi}' If the vector fields integrate to give the action of a Lie
group G on X, u is a momentum map for that action.

An special case of this example is that in which n = %dimX and the functions f1,..., f,
pairwise Poisson commute. In that case the vector fields v, ..., vy, generate an abelian Lie
algebra. If the functions are independent, that is, if df; A --- A df, is generically nonzero,
the momentum map, which is simply f = (f1,..., f,) : X — R”, has the property that a
generic fibre is an n-dimensional submanifold with # linearly independent commuting vector
fields vg,...,vr,. This is called a completely integrable system. Using the aforementioned
properties, it can be easily shown that on the regular fibres the symplectic form vanishes (we
say that f is a Lagrangian fibration), that the flow of any of the vy, is linear in them and that
generic fibres are open sets in tori R"/Z". This is the content of the theorem of Arnold—Liouville

[ 1. O

§ 3. Symplectic reduction

We are going to introduce now symplectic reduction, for which we will need to assume that we
have a symplectic action of a Banach Lie group G on a symplectic manifold (X, w) that admits a
momentum map with the following technical conditions. First, assume that u is G-equivariant,
that is,

p(p(g)(x)) = (adg)*(u(x)),
for every g € G, where ad : G — Aut(g) denotes the adjoint action

d
wg:@_smm@mﬂ.

As a consequence of this, G leaves u~'(0) c X invariant. The symplectic quotient is defined as
the quotient set
Z ="' (0)/G,

and we have the following diagram
p0) ——— X

|7
Z = (0)/G,

where j is the inclusion and 7 is the natural projection. Assume now that x~!(0) is a submanifold
of X and that for every x € ,u‘l(O), Tx(;f1 (0)) = ker(d, ). In particular this is true if 0 € g* is
aregular value of y, thatis, if d, pu : Ty X — g* is surjective for every x € u~!(0), by the implicit
function theorem. Finally, assume that the action of G on u~'(0) is free (without fixed points)
and that at each point x € = (0) there is a slice S, ¢ p~'(0) for the action, i.e., a submanifold
Sy C ,u‘l (0), x € Sy, transversal to the orbit Gx. That is

Te (11 (0) = To(Sy) + Tu(Gx).

Taking S, small, the projection 7 : u~'(0) — Z defines a homeomorphism of S, onto an open
set of Z, turning Z into a manifold. In principle Z could be non-Hausdorff, so in order to get a
Hausdorff manifold we also need to ask that the action is proper, that is, the map

GxX —XxX
(8 x) — (p(g)(x), x),
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is proper. For details on why this properness condition is necessary to get a Hausdorff space,
check [ ].

Theorem I1.3.1 (Marsden—Weinstein). Under the previous conditions, there is a unique sym-
plectic form wyz on the symplectic quotient Z such that

mrwz = jiw,
on 1~ 1(0).
Proof. We can easily define wz by
wz(dxn(u), dxn(v)) = w(u, v),

for u,v € Tx(,u_l(O)). To see that it is well defined choose another representative u’ €
Tp(g)(x)(,u_l(O)), for some g € G, such that d,)ym(u’) = dyn(u). Then, u and u’ are
related by

W' = dep(g)u+E(x)),

for some & € g, since
Tp)o) (11 (0)) = dyp(@) (T (1 (0))) = drp(g) (T (Sy) + T (Gx)).

Therefore,
Wp(e)x (V') = (p(g) W)y (u + E(x), v + 7(x)).

Now, since the action is symplectic, p(g)*w = w, so

Wp(g)x (U V) = (1 + E(x), v + 17 (x))
=0, (1, v) + Wy (€£(x), V)
+ Wy (U, 7(x)) + Wy (E(x), 77(x))
=W, (i, v) + {dpt(u), ) = (dpt(v), €) + (e p(€(x)), 1)

=wy (U, v),

since u, v, g?(x) € Tx(,u‘l(O)) = ker(d,u).

This gives the existence of wz, while the uniqueness follows from the fact that d, 7 :
Tx(,u‘l (0)) — TrxZ is surjective. Since n : Sy — n(Sy) C Z is a diffeomorphism and
mfwzls, = wls,, wz is also smooth and closed.

It remains to check that wz is non-degenerate. Let u € T ( 1~1(0)) be such that w(u, v) = 0
for all v € T, (1~'(0)). We have to show that d,7 () = 0, that is, that u = .;F(x) for some ¢ € g.
To see this we need the following technical lemma, we refer to [ ] for a proof.

Lemma I1.3.2. Let E be a Banach space and w : E X E — R a continuous non-degenerate
skew-symmetric form. For any closed subspace F C E, set

FY={veE:wuv)=0foralluckF}.

Then (F“)Y = F.
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Inourcase E =T,X and F = {g(x) &€ g} = {u e T (u 1 0)) : demt(u) = 0}. Therefore
F={veT.X:w(x),v)=0forallé € g} ={veTX:dpuv)=0}=T(u"(0)),
since ker(d, ) = T(~'(0)). Now, applying the Lemma
F=(F)" ={ueTX:wuv)=0foralveT(u"(0)],

which is exactly what we wanted to prove. O

Remark 11.3.3. Let M be a symplectic manifold with the action of a Lie group G and momentum
map u : X — g" defined by functions fi,..., f, as in Example 11.2.4. If g is a G-invariant
function on M by restriction we can define a G-invariant function § on x~!(0) and therefore
on the quotient ,u‘l (0)/G. If g, h are two such functions such that {g, h} = 0, X,h = 0, so h
is constant along the orbits of X,. But the projection of these orbits onto the quotients are the

orbits of Xz, so I is constant on these orbits and so {g, fl} =0.

§ 4. The moduli space as a symplectic quotient

In this section we are going to construct the moduli space of stable holomorphic vector bun-
dles /' (n,d), regarded as the moduli space of irreducible constant central curvature unitary
connections &, /&, as a symplectic quotient.

Let X be a compact Riemann surface of genus g > 2, E a complex vector bundle on X
of rank n and degree d and & a Hermitian metric on E. Consider the set &/}, of all A-unitary
connections on E. Any two A-unitary connections can be seen to differ in a 1-form with values
in u,(E), the Lie algebra of Uy, (E). Therefore, &}, is an affine space modeled on Q' (X, uu(E)).
This space admits a non-degenerate skew-symmetric form

w(A,B) = — f tr(A A B),
X

endowing &}, at least formally, with the structure of a symplectic manifold. Strictly speaking, we
would need to give in &, the structure of a Banach manifold. This is a technical procedure that
we will not detail here, but the essential idea is to give completions of this space with respect to
Sobolev norms. In a similar fashion, for our purposes we also need to give Sobolev completions
of the group & = I'(U,(E)), in order to get a Banach Lie group. Go to [ , ] for
explicit constructions.

Remember that the Lie group & acts on &, by conjugation V - gVg~!,

Proposition I1.4.1. This action admits a momentum map, given by
p(V) = =F = 2mip(E)lpwy,
where F is the curvature of V.

Remark 11.4.2. This definition makes sense if we identify the Lie algebra of & as Lie & =
['(u,(E)) and its dual with (Lie €)* = Q2(X, u,(E)), via the pairing

(@, &) = f w(éa),
X

for & e T(u,(E)) and a € Q*(X, uy(E)).
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Remark 11.4.3. In fact, u(V) = —F could be also a suitable momentum map, however, the second
term is added in there in order to get a non-empty symplectic quotient. Indeed, x~'(0) would
be empty unless deg £ = 0.

Proof. To see how 5 looks like for an element & € I'(11;,(E)), just compute

> d
§(V) = | exp(g)Vexp(-1g) = —V¢.

t=0

Let us compute also dy u(A) for some A € Q' (X, u,(E)),

d d
dyu(A) = —|  p(V+14) = —

[-(V+1tA) o (V+1tA) - 2nipu(E)1pwX] = —VA.
tl—o dt

=0

Therefore we have
(dvu(A), &) = —fxtr(fVA) = fxtr(Vf AA) = w(AVE) = w(A §),

so u is a momentum map for the action of & in &,. O

The @-action can be shown to verify all the technical conditions for it to define a symplectic
structure on the symplectic quotient x~'(0)/%. In general, this quotient will classify polystable
holomorphic vector bundles. To get stable vector bundles we consider the submanifold &, of
irreducible h-unitary connections and the same method can be applied to construct the moduli
space &/} /% as a symplectic quotient 1~ 1(0)/%, that via the Donaldson—Narasimhan—Seshadri
theorem can be identified with the moduli space ./ (n, d). All the good properties of the action
guarantee that this moduli space is indeed a smooth manifold.
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Higgs bundles and the Hitchin system

§ 1. The Hitchin system

Recall that the moduli space /4 (n,d) has the structure of a complex manifold and that its
(smooth) tangent space at some point E is isomorphic to H' (X, End E). Now, by Serre duality,
the cotangent space T;# (n, d) is isomorphic to H 9(X,End E ® Kx), where Kx denotes the
canonical line bundle of the Riemann surface X, that is, the cotangent bundle Kx = (TOX)*. As
we shall see, the cotangent bundle 7* /4 (n, d) can be given the structure of a symplectic manifold
and it admits a (complex) completely integrable system, the Hitchin system. Specifically, what
we will prove is the following

Theorem III.1.1 (Hitchin, [ 1). Let X be a compact Riemann surface and /V (n,d) the
moduli space of stable holomorphic vector bundles of rank n and degree d on X. Let k =
n*(g — 1) + 1 be the complex dimension of & (n,d). There is a map

H:T*/N(nd) — B,

where 9B is a complex vector space of complex dimension k, such that its components Poisson
commute and generic fibres of it are open sets in some k-dimensional complex tori.

Example II1.1.2. For the line bundle case this result is trivial. The moduli space /4 (1,d) =
Pic?(X) is the degree d component of the Picard group Pic(X) = H I(X, 0%), that, as we saw,
can be identified with the Jacobian of the curve, J(X), which is indeed a complex torus. The
tangent bundle of the Jacobian is trivial and isomorphic to H' (X, Ox), so by Serre duality the
cotangent bundle is

T*N(1,d) = J(X) x H*(X, Ky).
The dimension of H%(X, Kx) is g = dim (1, d), so we can take B = H(X, Kx) and define
H:T*/(,d) > &
as the projection on the second factor pr, : J(X) x H*(X, Kx) — H°(X, Kx). O
First of all, let us describe the symplectic form on 74 (n, d). In order to do this, we are
going to regard T/ (n, d) as
T* N (n,d) = T*(.Qfg/?c).

33
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Fix now a smooth vector bundle E over X, of rank n and degree d. Now we define the
“complexification”
A = dfx Q"(X, EndE),

which is an open subset of a complex affine space over Q% (X, EndE) & Q"0(X,EndE) and

A =T"d 5' This space carries a natural symplectic form

w ((A1, 1), (A2, ¢2)) = 2if tr(Ap A o — Az A 1),
X

where A; € Q%!(X,EndE) and ¢; € Q0(X, EndE). If we denote points of &/¢ as pairs (g, ¢),
/¢ has a natural action of €° that we can write as

Ok @) = (g0kg™ gpg™)).
We now define the momentum map

pod =dlx QY(X,EndE) — (Lie€°)* = Q*(X, EndE)

(Jg, @) +— —2idggp.
To check that this is indeed the momentum map for this action, compute
d _
oA = 3| 0 (k. @) + 1(Ay))
== 2i(Bg(p + 19) + 1A, (¢ + 1Y)])
Tli=o

= =2i(Fy +[A ¢).

Recall now that an element of the Lie algebra & € I'(EndE) acts on Q%1 (X, EndE) as —5E§ . On
a similar way one shows that the action on Q"°(X, EndE) is given by [, ¢], so

E(bg, @) = (~0&, 1€, ¢]).
Thus

w ((Ay),€) =2i fX (AN (€, @]+ OpE AY) = =2i fx tr(£[A, @]+ Epy) = (dg, 1(AP), €).
Therefore we get a symplectic quotient
T*N(nd) = A)€° = u~'(0)/€°.

Note also that for a pair (5[;, ¢) € ¢ we have that ,u(éE, p) = 0if 5E<,o = 0, that is, if
@€ H(;I’ZO(X, End E) = H°(X,End E ® Ky), just as we wanted.

Let us now construct the map
H:T*/(nd) — AB.
First of all, consider any element ¢ € Q'0(X,EndE) = I'(X,EndE ® Kx). Associated to this

element we have the characteristic polynomial, formally written as

det(T - @) = T" + > o @)T"™,

i=1
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with its coefficients being sections o;(¢) € I'(K é(). This defines a map

5 x Q" (X, EndE) — (T (KY)
i=1
(08, ) = (01(@); - .., on ().

Since the components of this map are functions of QLO(X , EndFE) alone, they Poisson commute
and also will the components of the map defined in the symplectic quotient

H:T" ¥ (nd) — P H(X.KY)
i=1
(E, @) /= (01(9), . . ., Tn(9)).

This is the Hitchin map. We define now the vector space B = EB?:I HO(X, Ké(). Let us
check that this space has the desired dimension. This is a straightforward computation using
Riemann—Roch,

n n
dim B = Z dim HO(X, K%) = dim H(X, Kx) + Z dim HO(X, K%,)

i=1 i=2
=g+ ) li(2g—-2)—g+11=1+ ) [i(2g=2) —g +1]
=2 i=1
:1+(2g—2)n(nT+l)—n(g—1):1+(g—1)(n2+n)—n(g—1)
=n*(g—1)+1.

To finish the proof of Hitchin’s theorem it remains to check that the fibres are open sets in
n*(g — 1) + 1-dimensional complex tori. In order to prove this, we are going to need a very
powerful tool that will be introduced in the following section.

§ 2. The spectral correspondence

In this section we are going to study the spectral data of “twisted” endomorphisms on vector
bundles. We are going to work in a more general setting than the previous section, in which
we were only considering pairs (E, ¢) where ¢ € H°(X,End E ® Kx) was an endomorphism
“twisted” by the canonical line bundle Ky. We are now going to allow twisting by any holo-
morphic line bundle L. The results of this section were first proven by Hitchin in [ ] for
the case L = Kx and then for general L by Beauville, Narasimhan and Ramanan in [ ].

Definition IIL.2.1. Let X be a compact Riemann surface and let E — X be a holomorphic
vector bundle of rank n and degree d. Let us fix a holomorphic line bundle L — X. A L-twisted
endomorphism is a bundle homomorphism ¢ : E - E ® L, or equivalently, a holomorphic
section ¢ € H(X,End E® L).

Any L-twisted endomorhpism induces, for eachi = 1, ..., n a homomorphism

Np: NE—AN(E®L) =NEQ®L'.
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We can then take the traces of these homomorphisms and get sections tr A’ ¢ € H(X, L}). With
these sections we can construct the characteristic polynomial of ¢,

n
Py(T) = det(T - @) =T" + > oi(@)T"™,
i=1
where the coefficients are precisely o;(¢) = (=1)tr A ¢ € H(X, L. For example,

o1(p) = —tr ¢, on(p) = (=1)" det .

Therefore, to any L-twisted endomorphism ¢ we can associate an element

(1) -, ul9)) € P HOX, LY.

i=1

Let us now consider any element b = (by,...,b,) € @?:1 HO(X, LY. If we take the pullback
bundle of L, p*L given by the diagram

pPL——— L

L%X,

where p : L — X is just the canonical projection of the bundle, it is easy to check that it has a
tautological section A € HO(L, p*L). Locally, A can be seen as a coordinate on the total space
of the bundle L. Let us define then the section

n
sp= A"+ Zp*bi/l"_i e HO(L, p*L™).
i=1

Definition I11.2.2. The spectral curve S associated to an element b € @, H'(X, L) is the
zero locus of the section sp,
Sp = (sp)o C L.

Note that generic values of b € B, H'(X, L) define an “irreducible polynomial” and
therefore the spectral curve will be generically irreducible.
Near some point of X we take some neighbourhood U and think of the spectral curve as the

set
{(x,/l) € U><C:/l”+Zb,~/l”‘i :o}.

i=1
Therefore, if b = (01(¢), ..., 0,(¢)) for some L-twisted endomorphism ¢ : E - E ® L, then
locally the spectral curve can be thought as the set

{(x,1) e UxC:det(11 — ) =0}

That is, fibrewise, over some point x € X the points of the spectral curve are precisely the
“eigenvalues” A1(x), ..., d,(x) € L, of the twisted endomorphism ¢, : Ex — E, ® L,; hence
the name spectral curve.
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Figure III.1: The spectral curve in its ambient space L. The elements {1, ..., A4} are the
“eigenvalues” of ¢,.

Proposition II1.2.3. Assume that L" is base point free. Then, for generic elements b €
@?:1 H 0(X, L"), the spectral curve Sy, is smooth.

Proof. The spectral curve S is an irreducible hypersurface of L, so it can be thought as a divisor
on it and on its compactification P(L @ Ox). Moreover, as the b varies, s; defines a linear
subspace of P(H (L, p*L")), so
n
b= {S,, ‘be H(X, Li)}
i=1
is a linear system of divisors on L. Bertini’s theorem says that, away from the base locus of b,
the generic divisor of the system is smooth. Let us check then that the base locus of d is empty.
Suppose that y € L is a base point of d. Then, since (1")g € d, 4(y) = 0. But then
sp(y) = p*by(y) = by(p(y)) for every b and, since y is a base point, s5(y) = 0. Therefore
b,(p(y)) = 0 for every b, € HY(X, L"), so p(y) is a base point of L". But by hypothesis L" is
base point free, so we reach a contradiction. O

Note now that the restriction of the natural projection p : L — X defines a map,

Sp —— L

X.

Since m : S, — X is a morphism of Riemann surfaces it defines a branched covering of S,
over X. Note that at a point x where this morphism is étale the fibre has exactly n points, the n
eigenvalues of ¢,. Therefore the degree of the map =« is deg m = n. Similarly, the branch locus
will be given precisely by those points x € X where some eigenvalues of ¢, have algebraic
multiplicity > 1. By the same reason, the ramification divisor R on S, is defined as the zero
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divisor of Disc(sp) € H(X, p*L"™ D), which is the discriminant of s, or equivalently, the
resultant of s; and its derivative

i 0
Disc(sp) = Res (sb, ﬁsb) .

R is the zero locus of a section of p*L"""~D 5o its degree is precisely
deg R = deg(L""™ V) = n(n — 1) deg L.
The Riemann-Hurwitz formula yields the genus of the spectral curve,
28s,—2=n(2g—-2)+degR=n(2g -2)+n(n—-1)degL,

(n-1)
2

ng:1+n(g—1)+n deg L.

We are now in a position to prove the spectral correspondence:

Theorem I11.2.4 (Beauville—Narasimhan—Ramanan, [ D). Take b € P, H'(X, L') such
that the spectral curve Sy, is irreducible and smooth. There is a bijective correspondence, up to
isomorphism, between holomorphic line bundles over Sy, of degree 6 and pairs (E, ¢), where E is
a holomorphic vector bundle over X of rank n and degree d, and ¢ is a L-twisted endomorphism
with characteristic polynomial

n
P,(T) = Py(T) :=T" + Z b
i=1

The degrees d and ¢ are related by

B nn-1)

d=9¢
2

deg L.

Proof. Let M be a holomorphic line bundle over S, of degree 6. We can consider the direct
image bundle 7. M, which is a rank deg m = n vector bundle over X and its degree is given by
the formula

(n-1)

deg(n.M) = deg M + (1 — gs,) —degm(l —g) = 6 — — —deg L.

Let now U C X be any open subset. If we take tensor product by the tautological section
restricted to 771 (U), A1y € HO(n~'(U), n*L) we can construct a homomorphism

®A|1y) : H(x7'(U), M) » H'(n"'(U), M ® n*L).
But, by definition of the direct image sheaf,
H(= ' (U),M) = H'(U, n. M),

H'x '), Me L) = HOU,n.(M ® n*L)) = H*(U, 7.M ® L).

This gives a homomorphism of locally free sheaves

OrnM)— O(n.MQL),
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that induces a L-twisted endomorphism
p:n M —n.M® L.

Moreover, by construction P(¢) = 0, and since Py is irreducible, the Cayley-Hamilton theorem
guarantees that Py, is the characteristic polynomial of ¢.

On the other hand, take a pair (E, ¢), with E a rank n holomorphic vector bundle and ¢ a
L-twisted endomorphism such that b = (o1 (¢), . .., 07, (¢)). Consider the pullback bundle 7*E,

7E —— E

Sy —— X.

The pullback section 7*¢ € H%(S),, End(n*E) ® n*L) must satisfy

Prey(Als,) = (As,)" + Y 7°bi(Als,)"™ = spls, =0,

i=1

since S, = (sp)o. Therefore, locally we can see A as an eigenvalue of ¢ and one could construct
the line bundle M, at least away from the ramification divisor, as the bundle defined at each
point x by the eigenspace of ¢, associated to 4,. Globally what we do is consider A[s,1 — 7*¢
as a morphism of locally free sheaves and the sheaf ker(1|s, 1 — n*¢) C 7*E, which is a rank
one locally free sheaf, so it defines a line bundle M over S, such that 7. M = E. Another direct
way to do this is to define M by the exact sequence

Als, 1-7*
0 — M(—R) —— 7E —> "%y »(E®L) — M &L — 0.

§ 3. Hitchin’s equations

Let us now apply the results of the previous section to the case of the Hitchin system

H:T*WN(nd) — B = @HO(X, KY)
i=1
(E, ) — (01(@), ..., on(p)).

The fibre of some point b = (by, ..., b,) € 9B by this map is formed precisely by (isomorphism
classes of) that pairs (E, ¢) such that E is a holomorphic stable vector bundle of rank n and
degree d and ¢ : E - E ® Ky is a Kx-twisted endomorphism with P,(T) = P,(T). Moreover,
K% is base point free, so for generic b € 9% the spectral curve S, will be irreducible and smooth.
Stability is an open condition, so in this case the Beauville—Narasimhan—Ramanan theorem says
that the fibre of a generic b is an open subset of the set of isomorphism classes of holomorphic
line bundles over S, of degree

N nn—-1)

0=d
2

degKx =d+nn—-1)(g—-1).
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But this set of isomorphism classes is precisely the component Pic®(S;,) of the Picard group,
which is isomorphic to the Jacobian J(Sp); so it is indeed a complex torus! Moreover, the
dimension of this complex torus is the genus of the spectral curve, and if we compute it the
miracle occurs:

-1
%degl(x —1+n2(g-1).

n
gs, =1+n(g-1)+

Summing up, we have proven that for some point b € %, the fibre of the Hitchin map H~!(b) is
an open set of Pic’(S}), a complex torus of dimension n?(g — 1) + 1. This completes the proof
of Hitchin’s Theorem III.1.1.

A natural question to ask now is what happens to the remaining elements of the Jacobian:
if they do not yield elements of 7.4 (n,d), what do they correspond to? This suggests the
existence of a wider symplectic manifold, of which T* /4 (n, d) is a subset.

Recall that we constructed the space 7"/ (n, d) by fixing a smooth vector bundle E of rank
n and degree d over X and considering the action of ¢ on the space &/¢ = o a{ x QY(X,EndE).
To get this wider space we will now consider the action of the real group & on the space
oy x QY0(X, EndE). Of course, to do this we first have to fix an Hermitian metric / on E. We
then get a symplectic structure on &, x Q°(X, EndE) given by

w ((A1, 1), (A2, 2)) = — f tr(Ar A Ap) +2i Im tr(g10)),
X

where A; € Q'(X, u,(E)) and ¢; € Q0(X, EndE).

Remark 111.3.1. Let us see explicitly what we mean by @190; The section ¢ is an element
of QY (X, EndE) = T'(A"°(X) ® EndE), thus, locally it can be seen as ¢ = ¢ ® a, with
¢ : X - EndE and @ : X — AY9(X). By ¢' then we mean an element of Q%! (X, EndE) which
locally looks like ¢ = ¢" ® @ with ¢' the transpose conjugate (globally the adjoint, given by /)
of ¢ and @ : X — A%!(X) the conjugate of a. By cplgoz we mean an element of Q! (X, EndE),
which locally looks like

901902 = (¢1¢;) ® a1 A @z.
We can also consider elements of the form
[01, 2] = @192 + a1 = (P12) ® @1 A + ($201) @ a2 A a1 = [¢1, )2l ® a1 A 2.
Remember that the elements g of the group & act by conjugation (V, ¢) — (gVg™!, gpg™).

Proposition I11.3.2. The action of € on o), x QY(X, EndE) admits a momentum map,
W(V.¢) = —F = [¢,¢'] = 2mip(E)1gwx.

Proof. The part of the momentum map corresponding to —F — 2xiu(E)1gwy comes form the
action on /5, and the proof is identical to the case of the previous chapter.

On the other hand, taking into account the previous remark we can we can focus in computing
the momentum map for a much simpler case:

Lemma I1L1.3.3. Consider the space End C" equipped with the symplectic form
w(A, B) = —Im tr(AB"),
and consider the action of U(n) on it by conjugation. This action admits a momentum map

p(A) = §[A, A7),
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Proof. First of all, notice that we can identify u(n) with its dual via the pairing
(H,K) = tr(HK") = —tr(HK).
The Lie algebra u(n) is formed by skew-Hermitian matrices, so
(H,Ky=t(KH") = tr (-K")(-H)) = (K'H) = we(HK") = (H,K).
That is, {(H, K) is indeed a real number. Also notice that
HAT = —J[A AT = ~pu(A),

so u(A) € u(n); the momentum map is well defined.
To see how H looks like for an element H € u(n), just compute

A =4

P (e""Ae™M"y = HA - AH = [H, A].

t=0

Let us compute also d 4 u(B) for some B € EndC”

d
dau(B) = —

. d
A+tB)=3%
pr H( ) =3

1=0 dt

[A+tB, A" +tB'] = £ (B, A"] + [A, B']).
t=0

Now
(dap(B), Hy = —itr([B, A\H + [A, B'H)

Using the cyclic property of the trace and the fact that H' = —H one gets
tr([A, B'1H) = tr(H[A, B]) — tr(H'[A, B']) = —tr([B, AT]H).

Therefore .
(dap(B), Hy = —£2ilm tr([B, A"1H) = Im tr([B, AT]H).

On the other hand
w(B, H(A)) = -Im tr(B[AT, HT]) = Im tr([B, ATIH]) = (dap(B), H).

This finishes the proof of the lemma. O

In the general case, the symplectic structure locally has the form

w(p1, ¢2) = —2if Im tr(p1p}) = —2if Im [tr($14])] ® @ A .
X X
Therefore, the momentum map must have the form

u(p) = —[e, 91 € Q*(up(E)).

This finishes the proof of the proposition. O

Now that we have a momentum map, and assuming that the €-action verifies all the technical
requirements, we can take the symplectic quotient = (0)/%. Let us consider now the subvariety

[(V.9) € o) x Q"0(X,EndE) : V"' = 0} .
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By avoiding possible singularities, this variety inherits the symplectic structure from &/, X
QY9 (X,EndE) and, since it is €-invariant, we can use the restriction of the momentum map
to take another symplectic quotient. The space we obtain is the moduli space of solutions
to the Hitchin equations on E, that is, the set of equivalence classes of pairs (V, ¢) € &), X
Q0(X,End E) that satisfy Hitchin’s equations:

F + [, ¢'] = 2miu(E) 1wy,
volp = 0.

In the next section we are going to see how this space corresponds to a broader notion
of stability for pairs (E, ¢), with E a holomorphic vector bundle and ¢ : E - E ® Ky a Kx-
twisted endomorphism and we will show that this moduli space is precisely the wider symplectic
manifold containing 7*.# (n, d) and the pairs associated to the remaining points of the Jacobian
in the spectral correspondence.

§ 4. Higgs bundles

Definition I11.4.1. A pair (V,¢) € &), X Q'0(X,End E) is called irreducible if there exist no
proper subbundles E’ C E which are preserved by both V and ¢.

Theorem II1.4.2 (Hitchin—Kobayashi correspondence). Let (E, h) be a Hermitian complex
vector bundle of rank n and degree d on a compact Riemann surface X. An irreducible pair
(V,0) € oy x QY(X, End E) is a solution to the Hitchin equations if and only if for every
proper subbundle E' C E which is invariant by V%' and ¢,

H(E") < p(E).

The proof of this theorem uses the same techniques and is very similar to the proof of
Theorem 1.5.4. As in that case, we will only prove the “easy” direction of the equivalence.

Proof. Let (V, ¢) be a solution of the Hitchin equations

F + [, ¢'] = 2miu(E) 1wy,
volp = 0.

and define 9g = V%!, Let E’ C E be a subbundle preserved by Og such that ¢(E") C E' ® Kx.
The Hermitian metric gives a smooth splitting £ = E’ @ E”, and we can write

_ (e O
=% o)
for @ € Q0(X, Hom(E”, E")). The top left element of [¢, ¢'] is

‘PE/‘,DE, + HHT —_ SDE/QQE/ = [(’DE/’ SOE/] + QHT'

Using the equation
P ( Fer = BB"  Vome.p)P )
~Viom.en B Fgr = BB )

from the proof of Narasimhan—Seshadri (Theorem 1.5.4) we have

s . d
Fer - BBY + [¢p opl+ 06" = —27Tl;115/wx.
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Now, since tr{¢, ¢'] = 0, taking the trace and integrating we get

i
> f trFg + || 8117 + 1011* = u(E)kE,
T Jx

and hence
u(E') = deg E'/TkE’ = u(E) - 181> - 11011

Since the pair (V, ¢) is irreducible, || || and ||#]| are nonzero, so u(E’) < u(E). O

Definition II1.4.3. Let X be a compact Riemann surface. A Higgs bundle (or Hitchin pair)
over X is a pair (E, ¢), where E is a holomorphic vector bundle over X and ¢ : E - E ® Ky
is a Kx-twisted endomorphism. A Higgs bundle (E, ¢) is said to be stable if for every proper
holomorphic subbundle E” c E such that ¢(E’) ¢ E’ ® Kx

H(E) < u(E).

The moduli space of stable Higgs bundles of rank n and degree d, ./ (n,d), is defined as the
set of isomorphism classes of stable Higgs bundles (E, ¢) with rk E = n and degE = d.

In| ], Hitchin gave an analytic construction of a particular case of rank 2 of this moduli
space and a general GIT construction was given by Nitsure in [ ].

Theorem I11.4.4. The moduli space M (n, d) is a complex manifold of dimension 2 +2n*(g — 1),
where g is the genus of X.

The Hitchin—Kobayashi correspondence I11.4.2 can be now reinterpreted as follows

Corollary II1.4.5. Let (E, h) be a smooth Hermitian vector bundle of rank n and degree d. The

moduli space of solutions to the Hitchin equations on E is homeomorphic to the moduli space
of stable Higgs bundles M (n,d).

We can now extend the Hitchin map to the bigger space # (n,d) > T*/V (n,d),

H:Mnd — B=3H (X K

i=1
(E, @) — (01(@), ..., 04(9)).

Take now a point b € A such that the spectral curve S, is irreducible and smooth. For
every holomorphic line bundle M over S, the spectral correspondence gives us a Higgs bundle
(E =M, @).

Proposition 111.4.6. The pair (E, ¢) induced by a line bundle M on an irreducible spectral
curve Sy, is stable.

Proof. Suppose that E’ c E is a proper holomorphic subbundle invariant by ¢. Then we can
take the characteristic polynomial of ¢|g’ and it must divide the characteristic polynomial of ¢,
thus contradicting that the spectral curve is irreducible. O

As a conclusion, we get that generic fibres of the Hitchin map H : ./ (n,d) — 9 are whole
Jacobians of the spectral curve
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§ 5. Deformations of Higgs bundles

In this section we are going to compute the dimension of . (n, d), stated in Theorem I111.4.4,
using deformation theory. As in the case for vector bundles, the idea is to identify the tangent
space of . (n, d) at some point (O, ¢) and find its dimension.
First of all, note that an analytic construction of .# (n,d) can be given if we consider the
variety
% ={(3g. ¢) € oy x Q"(X,EndE) : dgg = 0]

and its open subset

X = {(6_1;, ©) e X : (0g, @) is stable} .
As usual, an element g of the complex group & = I'(AutE) acts on # by conjugation,

(O, @) = (g0rg ™', 8087 ).

We can then obtain the moduli space of Higgs bundles as the quotient /# (n,d) = Z°/€°, where
n=rk Eand d = degE.

The differential of action of the complex group on # is a mapping from the Lie algebra
Lieg“ = I'(End E) to the tangent space of 7,

f . F(End E) —> T(E,¢)%
& > (FE [, €D).

Since stability is an open condition, we can identify the tangent space to the moduli space with
the quotient of the tangent space of # by the image of this mapping,

T ey (n,d) =Tg 7 [im f.

On the other hand, to obtain how an element of the tangent space T( e (p)%’ looks like, consider
a small perturbation

(Or(€), p(€)) = (O + €A, ¢ + €),

for (A, ) € Q% (X,End E) ® Q'9(X, End E) and impose that the condition dg(e)@(€) = 0 is
infinitesimally satisfied. That is,

d - d
0=z H@©@ =2

|06 + € (LA, @1 + gy ) + o(€))| = [A, ¢] + T

e=0

Therefore, we can think of 75, ,,# as the kernel of the map

g : Q®(X,End E) ® Q" (X,End E) — Q"!(X,End E)
(A y) — [A, @] + Fgy.

Note then that f is well defined,
8o f(é:) = [a_Eé:’ 90] + 5E[Q0’§] = [5E§’ 90] + [0_1390,5] - [a_E‘f’ ()D] =0,

since dgg = 0. In other words, what we are saying is that we have a chain complex

C* :T(End E) % QO1(X,End E) ® Q'(X,End E) —— QM(X,End E)
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and the tangent space T, 4 (n, d) is the first cohomology of this complex, H L.
Consider now the double complex

0 s T'(End E) = S T'(End E)

! I Iz

QO(X,End E ® Ky) —-3 Q%(X,End E) ® Q9(X,End E) —% Q%!(X,End E)

b Js

Q% (X,End E ® Kx) s QLl(X,End E) 5 0

O

~

0.

The rows of this complex are short exact sequences so we get a short exact sequence of complexes

0 —> Q% (X,End E ® Kx)[1] 5 C* > Q% (X,End E) — 0,

where the [1] after a complex denotes shifting one place and adding zero in the first place. This
induces a long exact sequence in cohomology

0— H°(C*) > H*(X,End E) > H°(X,End E ® Kx) —
— H'(C*) > H'(X,End E) » H' (X,End E ® Kx) — H*(C*) - 0.

The Euler characteristic of any exact sequence vanishes, so

H(C*) - H'(C*) + H*(C*) — x(End E) + y(End E ® Kx) = 0.

Now, note that y(End E) = — y(End E ® Kx) and recall that we computed that y(End E) =
n%(1 - g). Therefore

dim H'(C*) = dim H°(C®) + dim H?*(C*) + 2n*(g - 1).
Noting that, by Serre duality

H'(X,End E)* = H*(X, (EndE)* ® Kx) = H°(X,EndE ® Kx)
H'(X,End E® Kx)* = H'(X,(End E® Kx)* ® Kx) = H*(X,End E),

we can dualize in the above exact sequence and we get that H 2(Cc*)* = HO%(C*), so
dim H*(C*) = dim H(C*).
To find this dimension we use the following result:
Proposition IIL.5.1. If (E, ¢) is a stable Higgs bundle, then
H(C*) =C.
Proof. Note that

HO(C*) =ker f = {¢ € H'(X,End E) : [¢,£] = 0} .
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What we are going to prove is that every endomorphism ¢ that satisfies that condition is a
multiple of the identity 1g. Indeed, let A € C be an eigenvalue of &, : E;, — E, and define the
endomorphism n = & — A1g. Since A is an eigenvalue of &, we have detn, = 0. Assuming that
n is nonzero, we will prove that 7 is injective and hence detn, # 0 arriving at a contradiction.
To see this, suppose that im  C E is a holomorphic strict subbundle of E. Note too that im 7 is
p-invariant, since, if w = n(v), then

e(w) = o((§ = AE)(v)) = e(£(v)) — p(Av) = £(e(v)) = Ap(v) = n(e(V)),

since [¢, €] = 0. Therefore, since (E, ¢) is stable, u(im n) < u(E). But we also have that
U(E) < u@im n), so u(E) < u(E) and we have a contradiction. Therefore 7 is injective. We
conclude then that n = 0, so & = A1g. |

In conclusion, we get that dim H 2(C*) = dim H°(C*®) = 1. We then arrive at the result we
were looking for:
dim 4 (n,d) = dim H'(C*) =2 + 2n(g - 1).

§ 6. An algebraic point of view of the spectral correspondence

Until now we have been working in the holomorphic category, X being a compact Riemann
surface and working with holomorphic vector bundles on X. However the classical result of
embedding of Riemann surfaces in projective spaces (which can be stated in modern terms
as a consequence of the Kodaira embedding theorem) and the not-so-classical Serre’s GAGA
theorems indicate that we could as well have worked all the time in the algebraic category. That
is, we could consider X to be a proyective algebraic curve and work with (algebraic) vector
bundles over X, that is, with locally free sheaves of Ox-modules. This has been the point of view
adopted by many people working in Higgs bundles, since working with the powerful tools that
algebra offers can sometimes be very useful. In fact, the original paper of Beauville, Narasimhan
and Ramanan [ ] was written in this fashion. Let us now take a look at what we can
say about the spectral correspondence from the algebraic point of view. But first consider the
following example:

Example II1.6.1. Let V be a finite dimensional complex vector space and A : V — V an
endomorphism. A induces the following ring morphism
@ : C[T] — C[A] c EndV
p(T) > p(A).

This endows V with the structure of a C[T]-module. Moreover, note that C[A] is a finite
C-algebra, so it must have Krull dimension 0 and therefore discrete spectrum. Indeed,

C[T]
ker @

C[A] =

and, by definition, ker ®@ is generated by the minimal polynomial of A. Since the roots of the
minimal polynomial are the eigenvalues, Spec(C[A]) consists of the eigenvalues of A, seen as
points of the affine line AIC. O

First of all, let X be a complex projective smooth and irreducible curve of genus g > 2 and
let L be a line bundle on X. By an L-twisted Higgs bundle we understand a pair (E, ¢), with E



6. AN ALGEBRAIC POINT OF VIEW OF THE SPECTRAL CORRESPONDENCE 47

a rank n (algebraic) vector bundle on X and ¢ : E — E ® L. If we let & = I'(L) be the locally
free sheaf of sections of L, ¢ induces a sheaf morphism

@ : Sym(Z ") — EndE

in the following way. Consider a trivialization U of &Z. In some U C U we can write ¢ = ¢ ®ss,
with ¢ € I'(U,EndE) and s € £ (U), and we have

Sym(Z 1) (U) = 0x(U)[4] = Ox(U) ® C[A],

for A the dual of s in Z~1(U) = Hom(Z(U), Ox(U)). We can then define the ring homomor-
phism

@ly : Ox(U)[A] — T'(U,EndE)
p(d) — p(9).

Globally this gives the sheaf morphism Sym(%~') — EndE we are looking for. Note that we
can also think of the morphism ¢ inducing a Sym(Z~!)-module structure on E.

By definition, the total space of L is the relative spectrum Spec(Sym(Z 1)) and, if p : L —
X is the bundle projection then p.0; = Sym(Z~!). Since p is an affine morphism, p, gives an
equivalence of categories

{Quasi-coherent sheaves of O;-modules} L) {Quasi-coherent sheaves of p,0O;-modules} .

Therefore, since the pair (E, ¢) can be seen as a p.0Or-module, there must be a quasi-coherent
sheaf & on L such that p.& = & = I'(E). In fact, that module structure descends to a
(p+Or/ ker ¢)-module structure, so the support of the sheaf & must be

S -1
Spec (—ym(z )

. ) c Spec(Sym(Z 1)) = L.
ker ¢

Note that, pointwise
Sym(Z~")
ker ¢

= Ox,x ® Cl¢(x)]

X

which has Krull dimension 1, since dim Ox = 1 and dim C[¢(x)] = 0. Therefore, this is a
I-dimensional scheme. For generic ¢ this scheme is irreducible. In order to get an integral
scheme we can consider the radical y/ker ¢ and the scheme

-1
s, = Spec(m),

vker @

On the other hand we can consider the coefficients of the characteristic polynomial of ¢,
which are sections o (¢) € I'(L') = &". These sections define embeddings

Qui(p) : L — P
Locally, if ¢ = ¢ ® 5, 07 (¢) = (=1)'s'tr A’ ¢, and the embedding looks like

" ® ai(p) = (=D A (sHr AL gA™™ = ai(g) A"
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The sum of these embeddings gives a homomorphism £~ — Sym(Z~!) that locally looks
like the characteristic polynomial,

F™MU) — Sym(Z ()

A" Z Ti(p)® A" = Z Ti(@) A"
i=1 i=1

The image of this homomorphism generates an ideal sheaf . and the spectral curve can be
defined as Spec(Sym(Z~!)/.7). The Cayley-Hamilton theorem assures that .¥ C ker ¢. After
taking the radical, the minimal and characteristic polynomial generate the same ideal and so the
spectral curve coincides with the integral scheme S,. Moreover, away from ramification points,
that is, when the characteristic polynomial of ¢(x) coincides with its minimal polynomial, the
rank of Ox ([¢(x)] as a Oy -module equals the dimension of C[¢(x)] as a C-vector space,
which in this case is exactly n. What this says is that the restriction 7 = pls, : S, — X is a finite
morphism of degree deg 7w = n.

The spectral correspondence is now clear, r is a finite morphism so in particular it is affine
and &, gives an equivalence of categories

{Quasi—coherent sheaves of O, —modules} SN {Quasi—coherent sheaves of 7.0, —modules} .

Of course 7.0g , = Sym(&Z ~1y/ ker @, so ¢ endows E with a 7.0g,-module structure, that must
correspond to a quasi-coherent sheaf ./ of Os,-modules such that 7.4 = &. If S, is smooth
then the sheaf ./ is locally free. Moreover, since 7. @Sw has the same rank, n, that & as an Ox
module, ./ must have rank 1. Conversely, from a line bundle M on S, we recover x.M a rank
n vector bundle endowed with a 7, @Sw-module structure.

This point of view yields an alternative way of computing the genus of the spectral curve
and the degree of the corresponding line bundle M in terms of the degree d of E. First, we can
compute explicitly 7.0s, as

Sym(Z ™) DL <~ N i
*@ = = = 3’,
e T T (1@ + -+ (@D L™ @izl

Now x (S, @S«:) = y(X, n*@g¢), SO

l—gs,=—(degL)(1+---+(n=-1))+n(l-g)= —degL@+n(l -9),

thus gs, =1 +n(g-1) + ”("T_l) deg L. To get the degree of M we can use the formula ([ ,
Ex. IV.2.6(a)])

detm.M = detn.0s, ® Nm; M,

where Nm,, is the norm map

Nm, : Pic(S,) — Pic(X)

Z n;p; +— Z nr(p;).

1
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Note that here we are seeing the Picard group as equivalence classes of Cartier divisors. In
particular, note that deg M = deg Nm, M. Note also that

n—1

det 05, = det(@ :‘f‘") - g

i=1

Therefore

d = deg(detm.M) = deg (.3_@) +degM = —deg(L)n

sodegM =d + deg(L)@.

§ 7. SL(n, C)-Higgs bundles

The notion of a Higgs bundle can be generalized to principal bundles. In this section we will
give a short example, considering principal SL(n, C)-Higgs bundles.

Definition IIL.7.1. Let G be a complex semi-simple Lie group. A G°-Higgs bundle is a pair
(P, ¢) where P is a principal G¢-bundle over X and the Higgs field ¢ is a holomorphic section of
the vector bundle adP ® Ky, for adP the vector bundle associated to the adjoint representation.

Remark 111.7.2. When G¢ c GL(n,C), a G°-Higgs bundle is the same as a (classical) Higgs
bundle of rank n with some extra structure associated to G°. In particular, rank n classical Higgs
bundles are the same as GL(n, C)-Higgs bundles.

When G¢ = SL(n, C) we obtain:

Definition II1.7.3. An SL(n, C)-Higgs bundle is a Higgs bundle (E, ¢) where the rank n vector
bundle E has trivial determinant and the Higgs field ¢ has zero trace.

In this case, since o1 (¢) = tro = 0, the characteristic polynomial of a SL(n, C)-Higgs field
is
Po(T) =T"+ Y (=D)ioi(p)T"™.
i=2
We can consider the moduli space sy nc)(d) corresponding to the subset of ./ (n,d) of
SL(n, C)-Higgs bundles. The Hitchin map restricts to this space

n
H : Msy.n,c)(d) — BsLc) = @ HY(X,K%)
i=2

(E, @) = (02(¢), . . ., Ta(9)).

The generic fibres of some point b = (by, . . ., b,) € Bsy(n.c) by this map then correspond to the
subset

{[M] € J(Sp) : m.M = E and det(n. M) = Ox} .

To understand these conditions let us consider the norm map

Nm, : Pic(S;) — Pic(X)
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associated to 7 : S, = X and recall the formula from last section

n(n-1)

detm, M = detm.0s, @ Nm;M = K, > ®Nm;M.

For det .M to be trivial, we must have

_n-l
2

Therefore, M := M ® n*K y ~ must be in the Prym variety:

Definition II1.7.4. The Prym variety P(Sp, X) associated to a morphism 7 : S, — X is the
kernel of the norm map Nm, : Pic(S,) — Pic(X).

Summing up, we have that the fibre H~!'(b) of the Hitchin map corresponds to the Prym
variety P(Sp, X). Since the norm map preserves degrees, the Prym variety can be seen as the
kernel of the restriction

Nmﬂ—|](5‘b) :J(Sp) — J(X).

This is a morphism of complex tori and its kernel will be again a complex torus, of dimension
dim P(Sp, X) = dim J(Sp) —dimJ(X) = g5, —g =1+ n?(g-1)-g
which, as expected, coincides with the dimension of %Bsy,(x,c).
dim Bsp (n.c) = dim B — dim H(X, Kx) = 1 + n*(g - 1) — g.

Therefore in the SL(n, C) case the Hitchin map gives again an integrable system.



CHAPTER IV

Higgs bundles twisted by a vector bundle

In this chapter we are going to work with a more general notion of Higgs bundle, in which the
Higgs field is an endomorphism twisted by a general rank » > 1 vector bundle. The interest
for these objects comes from the study of generalized Hitchin equations, that appear “naturally”
in the study of N' = 1 supersymmetric gauge theories. Our main inspiration here is the paper
[ ] by D. Xie and K. Yonekura.

§ 1. Generalized Hitchin’s equations

Definition IV.1.1. Let X be a compact Riemann surface and V be a rank r holomorphic vector
bundle on X. A V-twisted Higgs bundle is a pair (E, ¢), where E is a rank n holomorphic vector
bundle on X and

p:E—EQV,

or, equivalently, ¢ € HO(X, End E ® V), with the additional condition that ¢ A ¢ = 0 in
End E ® A%V.

Remark 1V.1.2. What this last condition is telling us is that, if locally, in some open subset
U c X, we decompose V|y = @P;_; Lily and

.
@Y= Z ¢l v,
i=1
with ¢/ € H*(U,End E) and v; € H°(U, L;), we have that
(¢, /1= 0

foralli,j=1,...,r.

In this section we are going to give a notion of stability for V-twisted Higgs bundles by
writing a momentum map that will give us “generalized” Hitchin equations. In order to do this,
fix E a smooth vector bundle E of rank n and degree d over X and fix a Hermitian metric 4 on
E. Moreover, in this case we also need to fix a Hermitian metric 4y on the holomorphic vector
bundle V. We can then endow the space I'(EndE ® V) with a Hermitian metric h, that locally
looks like

hen @) = ) R @vi @) @v)) = Y (@) ¢h DR v) = Y histr(¢#").
Lj ij ¥

51
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Recall that by &), we denoted the set of all ~-unitary connections of constant central curvature
on E and by & the (real) gauge group I'(Uj(E)). Consider now the space

Ay x'(EndE® V).
The elements g € & act by conjugation on this space
(V) — (gVg ™, g98™").

We can then define a symplectic structure on & X I'(EndE ® V') given by

w ((A1, ¢1), (A2, 92)) = — fx tr(A; A Ay) + 2ilm(h(p1, 2))wx,

where A; € Q'(X,u,(E)) and ¢i € '(EndE ® V). We will then obtain the momentum map by
considering the following example:

Example I'V.1.3. Let V be a complex vector space of dimension n with abase {v; : i =1, ..., n}
and equipped with a Hermitian inner product &y. Let us denote h;; = hy(v;, v;). Consider the
space EndC” ® V, naturally endowed with the metric

h(A,B) = h (Z Ai®vi, ) B;® vj) = > w(ABDRv,v) = ) hijtr(AB]).
i j ij i,j

This space naturally admits a symplectic structure
w(A, B) = —Imh(A, B).

The elements of the unitary group U € U(n) act on this space by conjugation

A:ZAi®v,-|—>ZUA,~U_1®v,-.
i i

Lemma IV.1.4. This action admits a momentum map
u:EndC" ® V. — u(n)

A=) Aievir 5> hijlA, ATl
i ij

(As usual, we identify u(n) with its dual via the pairing (H, K) = tr(HK") = —tr(HK)).

Proof. First of all, note that u is well defined since

(A" = =5 3" hijlAy, Al = =5 3 il A AT = =5 ) hylA;, AT = —(A).
Lj LJ )

To see how H looks like for an element H € u(n), just compute

(Z e Ae™ ' @ v,-) = Z[H, Al ® v;.
0\ i

5 d
H(A) = —
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Let us compute also d4u(B) for some B € EndC" @ V,

i d T
dap(B) = — ,u(A+tB)=§ZhijE [Ai”Bi’Aj”BJT]
=0 ij 1=0
=5 D (B A7)+ 14 B = § D (hij B A1+ il 4, B
W b
= § D" hylBu ATl + Tl Ay, B]1.
&y

Now, for H € u(n),

(dap(B),Hy = -5 Z hijtr([B;, ATH) + hijtr([Aj, BI1H).
LJ

Using the cyclic properties of the trace and the fact that H' = —H, we have
tr([Aj, B 1H) = tr(H[A}, B]1) = ~tr(H'[A}, B]1) = —tr([B;, AJT]H).
Therefore

(dap(B), H) = =5 > 2ilm{hyjte(1B;, ATIH)] = ) Imlhijtr([B;, AT1H)]
i,j i,j

On the other hand

w(B, H(A)) = = ) Imlhytr(BIA], H'D] = > Imlhyjtr([B;, ATIH)] = (dap(B), H).
i,j i,j

This finishes the proof of the lemma. O

Let us consider again the symplectic structure on &/, X ['(EndE ® V),

w ((A1, ¢1), (A2, ¢2)) = — fX tr(A; A Ay) + 2iIm(h(p1, 2))wx .

The first part of this form corresponds to &/;, and we already computed the momentum map for
the conjugation action on this space,

w(V) = —F = 2niu(E)lgwyx € Q*(X, u,(E)).

The second part of the symplectic form, corresponding to I'(EndE ® V) locally looks like
w ((A1, ¢1), (A2, ¢2)) = —2if Im(h(e1, ¢2))wx = —2if § Im[h;jtr(¢ ¢]2"T)]wx

X X =

L]

Therefore, the corresponding momentum map locally must have the form

u(e) = = > hiylg', ¢ M wx € Q2(X,u(E)).

Lj

Globally, we can denote this as u(¢) = —[¢, ¢'l,wx. We have then proven the following
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Proposition IV.1.5. The action of € on o, X I'(EndE ® V) admits a momentum map

u(V.¢) = —F - [¢.¢'], wx - 2min(E)lpwy.

Now that we have a momentum map, if we assume that the action of & verifies the technical
requirements, we can take the symplectic quotient = '(0)/€. Let us as well consider the
subvariety corresponding to holomorphic V-twisted endomorphisms that verify the additional
condition ¢ A ¢ = 0. In order to do this, we have to consider the Chern connection Vy induced
by the metric and the holomorphic structure on V and, for every V € &/}, take the connection
V® 1y + 1gyqe ® Vy induced on I'(EndE @ V) by V and Vy. Thus we get the subvariety

{(V, ¢) € Ay xT(ENdE® V) : (V™' @ 1y + 1gaar ® Vo Yo = 0and p A ¢ = 0} .

Avoiding possible singularities, this is a &-invariant variety that inherits the symplectic structure
from &/, X I'(EndE ® V) so we can consider in it the restriction of the momentum map. This
allows us to take another symplectic quotient. The space we obtain is the moduli space of
solutions to the generalized Hitchin equations on E, that is, the set of equivalence classes of
pairs (V, ¢) € o), Xx I'(EndE ® V) that satisfy the generalized Hitchin equations

F+ [go, QDT]th = 2niu(E)lgwyx
(V' ® 1y + Tgnaz ® Vi ) = 0
eNp=0.

As in the (classical) Higgs bundle case, we can say that a pair (V, @) is irreducible if there
exist no subbundles E’ ¢ E which are preserved by both V and ¢. We can then give a new
notion of stability from the following result:

Proposition IV.1.6. Let (E, h) be a Hermitian complex vector bundle of rank n and degree d
on a compact Riemann surface X. If (V, @) is a solution to the generalized Hitchin equations
then for every proper subbundle E' C E which is invariant by V! and ¢,

H(E") < u(E).

Proof. The proofis exactly that of (the easy direction of) the Hitchin—Kobayashi correspondence,
Theorem I11.4.2. O

Definition IV.1.7. We say that a V-twisted Higgs bundle (E, ¢) is stable if for every proper
holomorphic subbundle E” C E such that ¢(E’) c E'® V

H(E) < p(E).

We expect that a GIT construction of the moduli space of stable V-twisted Higgs bundle
can be constructed as well as a proof of the converse of Proposition IV.1.6. This would yield
an isomorphism between this moduli space and the moduli space of solutions to the generalized
Hitchin equations. Presumably, the proof of the “hard part” of this Hitchin—Kobayashi type
correspondence is a particular case of the results by Bradlow, Garcia-Prada and Mundet i Riera
in [ ]. Anyway, an explicit proof of this result is desirable.

For the rest of this document we will assume that the moduli space of stable V-twisted Higgs
bundles of rank n and degree d exists and we will denote it by .#y(n,d). The problem of the
computation of the expected dimension of this moduli space using deformation theory will be
approached in further work. In fact, the problem of computing the dimension of the deformation
space of a Higgs bundle twisted by a vector bundle of arbitrary rank has already been studied by
Biswas and Ramanan [ ]. However, they did not consider the condition ¢ A ¢ = 0, so the
dimension that we are looking for should be lower than the one they computed in their paper.
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§ 2. The generalized Hitchin system

To every V-twisted Higgs bundle (E, ¢), with ¢ € H°(X,EndE ® V), we can associate its
characteristic polynomial,

n
Py(T) = det(T — @) = T" + Z ai()T".
i=1
The condition ¢ A ¢ = 0 implies that the coefficients of the characteristic polynomial must be

sections of the symmetric products, o (¢) € H’(X, Sym'V). We can define then the generalized
Hitchin map
Hy : My (n,d) — (5 H(X, Sym'V)
i=1
(E, @) — (01(9), ..., on(@)).

n

Unlike in the case in which V is a line bundle, the generalized Hitchin map is not surjective in
general. The reason behind this is that the condition ¢ A ¢ = 0 gives precise restrictions on the
possible values of Hy (E, ¢). We call By = im Hy the (generalized) Hitchin base.

Let p : V — X be the natural projection. Associated to the vector bundle V we have a
tautological section 1 € H%(X, p*V). Locally, we can think of this section as “coordinates”
Ax) = (A1 (x),...,4,(x)) € V, of the points of V, where x € X. Now, to every b =
(by,...,by) € @:’:1 HO(X, SymiV) we can associate the section

sp= A"+ Zp*b,-/l"_i e H(V, p*Sym"V),

i=1

and its zero locus
Sp=(spoCV.

The rank of Sym"V is (”’;_1), so locally we can think of S,

n
Sp = {(x, AX) €V A"+ ) ham = o},
i=1
which is a set in a r + 1-dimensional space V determined by (H:’l_]) equations, so it is in general
overdetermined. For example, if r = 2, §j is determined by n + 1 equations in a 3-dimensional

space. However, in the case in which b = H(E, ¢) for some Higgs field ¢, Sj is locally precisely
Sp ={(x, A(x) € V : det(d — ¢) =0}.

That is, in each fibre V,, the possible values of A(x) are the eigenvalues of ¢,. The key now is
the following well known result from linear algebra,

Lemma IV.2.1. Let A be a n X n matrix with complex coefficients such that its eigenvalues are
all distinct.

1. Every other matrix B that commutes with A is simultaneously diagonalizable with A.

2. Every other matrix B that commutes with A can be written as a polynomial of A. That is,
there exists a polynomial f(T) € C[T] such that B = f(A).
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Proof. 1. Let P be a matrix such that A = P~' AP is diagonal and suppose that B = P~'BP is
not diagonal. We have that

AB =P 'ABP = P"'BAP = BA.

Therefore, if we denote ¢;; the (i, j) component of AB and d;; the (i, j) component of BA, we
must have ¢;; = d;;. However, if [;ij is the (i, j) component of Band A = diag(Ay,...,4,), we
have

/libij = C,‘j = d,‘j = bij/lj-
Thus, if i # j, since 4; # A;, we must have b;; = 0. We conclude then that B = P~'BP is
diagonal.

2. Let C(A) be the algebra of matrices that commute with A. For 1., we have that
every B € C(A) must be simultaneously diagonalizable with A, so dimC(A) < n. On the
other hand, every power of A commutes with A, so Ak e C (A) for every k € N. Therefore
span(1, A4, A%, ..., A" 1) c C(A) is an n-dimensional subspace of C(A), so

C(A) = span(1, A, A2,.. ., A" D).

Indeed, {1, A .. .,A”‘l} is linearly independent since A has distint eigenvalues, so its minimal
polynomial must have degree n. O

What this lemma implies in our case of study is that, if we decompose ¢y = (¢x1, ..., @xr)
and /151 )(x), J =1,...,n are the eigenvalues of ¢, ; the other eigenvalues are related by

A9(x) = f(x, 2V ),

for some polynomial f. This gives then a parametrization of S; by X. In conclusion, if b € %,
then S, is precisely a complex curve, which we call the spectral curve associated to b.

Example IV.2.2. Consider E a rank 2 holomorphic vector bundle on X such that detE = Oy.
LetV = L ® L, be a direct sum of two holomorphic line bundles L; and L, and ¢ : E - EQV
be a twisted endomorphism such that ¢ A ¢ = 0 and tr¢ = 0. In analogy with the case of twisting
by a line bundle, we say that the pair (E, ¢) is a V-twisted SL(2, C)-Higgs bundle. We can see
¢ as ¢ = (¢1, ¢2), with ¢; : E > E® L; and [¢y, 2] = 0.

Consider now the tautological section A = (41, 42) € H Oy, p*V), where p : V — X is the
bundle projection. The characteristic polynomial of ¢ is

det(11 — @) = A% + p*trpd + p*trp® € HO(V, p*Sym?V).
Recall that tro = 0 and note that
Sym*V =L} ® L; & L, Lo,

so A2 = (12, /1%, A112) and tre? = (trgo%, trgo%, tr(¢142)). The characteristic polynomial can then
be seen as

A3 —trg? € HO(X, L),

A3 —trp € HO(X, L),

1Az — t(p1p2) € HO(X, L1Lo).

Therefore, the generalized Hitchin map in this case looks like
Hy : My;sLe.c) — HY(X.Sym?V) = H(L]) © H'(L3) ® H'(L1L2)
(E, @) > (2, 03, 0102).
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Note that this map is not surjective, in fact its image lies in the variety
{(sl, $2,83) € HO(X, Sysz) : s% = slsz} .

The spectral curve can be regarded as the zero locus of the characteristic polynomial in the
total space of V. In principle, this is a set defined by 3 equations in a 3-dimensional space V.
However, of course these equations are not independent. O

The spectral correspondence should now be clear, at least away from ramification points
the results should be analogous to those of Beauville, Narasimhan and Ramanan, with some
subtleties. We will look carefully at this in the next section, from the algebraic point of view.

§ 3. The generalized spectral correspondence

First of all, let us consider the following example:

Example IV.3.1. Let V be a finite dimensional complex vector space and Ay, ..., A, : V =V
a family of commuting endomorphisms, that is [A;, A;] = O for all i, j = 1,...,r. This family
induces the following ring homomorphism

o:C[Ty,...,.T,] — C[Ay,...,A] c EndV
p(Ty,...,T,) — p(Ay,..., A)).
This endows V with the structure of a C[T1, ..., T,] module. An immediate consequence of the

proof of Lemma IV.2.1 is that, if at least one of the A; (let us say A, without loss of generality)
has distinct eigenvalues, then

Cl[A,..., A = C[A|] = span(L, A}, A7, ..., A ™)),

where n = dim V. Therefore,
Clr,...,T,]

Cldil = ker @

O

In this section we are going to adopt the algebraic point of view, hence, let us consider X a
complex projective smooth and irreducible curve of genus g > 2. A V-twisted Higgs bundle is
a pair (E, ¢), with E and V algebraic vector bundles on X of ranks n and r, respectively, and
p:E—-E®V.Ifwelet7 =T'(V) be the locally free sheaf of sections of V, ¢ induces a sheaf
homomorphism

@ : Sym(7"/) — EndE

in the following way. Consider a trivialization U of <. In some U C U, we can write
0= ¢ ® v; with ¢' € I'(U, EndE) and {vy, . ..,v,} a base of 7" (U), and we have

Sym(ZV)(U) = Ox(U)[A4,...,4,] = Ox(U) ® C[14,..., A,],

for {Ay,...,A,} the dual basis of {v,...,v,} in ZV(U) = Hom(Z (U), Ox(U)). We can then
define the ring homomorphism

Sy : Ox(U)[Ay,...,A,] — I'(U,EndE)
p(A1,.. A) — p(d',....¢").
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Globaly this gives the sheaf homomorphism Sym(%7"Y) — EndE we are looking for. Also note
that ¢ induces a Sym(%"")-module structure on E.

By definition, the total space of V is the relative spectrum V = Spec(Sym(Z"Y)) and if
p : V — X is the bundle projection, then p.Oy = Sym(Z""). Since p is an affine morphism p.
gives an equivalence of categories

{Quasi-coherent sheaves of Oy -modules} p% {Quasi-coherent sheaves of p.Oy-modules} .

Therefore, to any V-twisted Higgs field (E, ¢) we can associate a quasi-coherent sheaf & on
V such that p.& = & = I'(E). The support of this sheaf must be

\Y
Spec (M) C Spec(Sym(Z'V)) = V.
Pointwise,
Sym(7"Y
TN s 050 Cle' . ()
erg |,

which has Krull dimension 1, since dim Ox , = 1 and the Krull dimension of C[‘,o1 (x),...,¢" (x)]
is O since it is a finite dimensional C-vector space. Therefore, the scheme Spec (Sym(7"")/ ker ¢)
is 1-dimensional. For generic ¢ this scheme will be irreducible. In order to get an integral scheme
we can consider the radical y/ker ¢ and the scheme

Sym(7"Y
S, = Spec (M) :
ker ¢

This is the spectral curve associated to ¢.

For generic values of x € X there is at least one component of ¢, with distinct eigenvalues,
and in that cases ker ¢ is radical. Thus, away from points where none of the components of
¢ have distinct eigenvalues, Sym(7"")/+/ker <,5|x is a finite Oy ,-algebra that has rank n as an
Ox x-module. Therefore the restriction 7 = p| s, *Sp > Xisa finite morphism of degree n.
The spectral correspondence is now clear, 7 is a finite morphism so in particular it is affine and
m,. gives an equivalence of categories

{Quasi—coherent sheaves of O, —modules} SN {Quasi—coherent sheaves of p.Os, —modules} .

Theorem 1V.3.2 (Generalized Beauville-Narasimhan—Ramanan). Take b € 9 such that the
spectral curve Sy, is integral and smooth. Then there is a bijective correspondence between
isomorphism classes of line bundles on Sy and isomorphism classes of pairs (E, ¢), where E is
a vector bundle over X and ¢ is a V-twisted Higgs field with S, = S.

Proof. If M is aline bundle on Sp, then E = n,.M is a rank n vector bundle on X endowed with
a ,.0g,-module structure. Since 7,.0s, is isomorphic to Sym(Z")/1(S), for some ideal 1(S}),
a .0, -module structure on E is equivalent to an algebra homomorphism

Sym(7"Y)/I(Sp) — EndE,

that is to say an Ox-homomorphism ¢ : E — E ® V such that p(¢) = 0 for every p € I(Sp).
Therefore 1(S,) = ker ¢ and S, = S,,.
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Conversely, given the pair (E, ¢), the morphism
@ : Sym(?7"V) — EndE

descends to give a (Sym(Z"Y)/ker ¢)-module structure on E. Since S, = S, n.Os, =
Sym(7"V)/ ker g, so we have a 7.0s,-module structure on E. Since r is affine this data is
equivalent to a quasi-coherent sheaf M on Sj, such that 7.M = E. Now, since S, is integral and
smooth, M is locally free of rank 1. m]

Remark 1V.3.3. Note that questions regarding stability of the pairs in the correspondence are
completely analogous to the case of twisting by a line bundle.

§ 4. Open questions and further directions

Open questions
After this discussion, some questions remain open for future attacks to the problem:

1. A proof of the “hard part” of a “generalized Hitchin—-Kobayashi correspondence”. That
is, a proof the converse of Proposition IV.1.6. As we mentioned above, this is presumably
already proven implicitly in [ ]. However, we would like to have an explicit
proof.

2. A GIT construction of the moduli space of stable V-twisted Higgs bundles.

3. A computation of the expected dimension of the moduli space of stable V-twisted Higgs
bundles, using deformation theory.

4. Computation of the genus of the spectral curve and the relationship between the degrees
of the bundles in the spectral correspondence.

5. Find conditions for the spectral curve to be smooth. Unlike in the case of twisting by a
line bundle, the spectral curve is not a divisor and the argument using Bertini’s theorem
is no longer valid.

6. Study the ramification divisor.

We can shed some light on the last question. If we consider the simple case in which V is
decomposable, V = L1 &---® L,, ¢ globally looks like ¢ = (¢1,...,¢,), withg; : E - EQL,;.
For any x € X, if any of the ¢; . has distinct eigenvalues, the whole ¢, has distinct eigenvalues
and therefore x is not a branch point. Therefore, if ¢ has ramification locus A on V and the
¢; have ramification loci A; on L;, the branch locus (A) is contained in the intersection of the
branch loci 7(A;). However, note that in principle the commutation relationship does not give a
condition on the relation between the A;, since what we know is that if one of the ¢; has distinct
eigenvalues the others must be diagonalizable, but not necessarily have distinct eigenvalues.

Further directions

In further approaches to this topic it would be interesting to explore this theory with a more
geometric point of view, maybe by considering a bundle V that its more related with the geometry
of the Riemann surface X. For example, Nigel Hitchin and Tony Pantev suggested us to study
the simple case of V = & @ &, where £ is a theta characteristic, that is, £ ® € = K.
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More generally, the case in which V = L @ L,, with L} ® L, = K is interesting since
it endows the total space of V with the structure of a non-compact local Calabi-Yau threefold.
From the physical point of view this case is interesting since this is related with gauge theory
and string theory. In fact, this is precisely the case of study in [ ]. From the mathematical
point of view, in this case one can consider Donaldson-Thomas invariants. Some work in this
direction has already been done by Chuang, Diaconescu and Pan in his 2010 paper [ 1,
dedicated to the study of ADHM sheaves.

I would like to explore all these directions in further approaches to the problem, but for now
I have run out of time.
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