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Ingredient 1: Riemann Surfaces
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Ingredient 2: Holomorphic vector bundles

















































The original problem

Classify holomorphic vector bundles on 
a compact Riemann surface X.

(Topological classification: rank and degree)
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First attempt: Čech cohomology
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Line bundles: The Jacobian


















































The isomorphism H X.ir H XOx H X follows

from
Theorems Hodge
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Abelian Hodge Theory







































Summing up we obtain a diffeomorphism
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Abelian Hodge Theory = Abelian Gauge Theory
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Complex version
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Issues in higher rank
















































Guttenberg 1957 Actually Birkhoff 19001
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Atiyah 1957

Classificationof vectorbundlesonellipticcurves

Classifications in low genus

















































Stability conditionforvectorbundles
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Theorems Narasimhan Seshadri

There is a homeomorphism
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Narasimhan-Seshadri (1965)
















































Connects da P XE SL X E

da f 5 df s fdps Leibniz rule

Extend P XE E REXE

Curvature FA daodn.ES X EndE

A is flat if Fa O

Flat connections 1
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Flat connections 2. Holonomy
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Any stable holomorphicvector
bundle E admits

a Hermitianmetric It with y
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Narasimhan-Seshadri, reinterpreted


















































E X smoothcomplex rectorbundleofrank
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H unitary connection

Splitting complex connections


















































D T i I asbefore
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Splitting complex connections. Flatness
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A coordinate change







































It is a harmonicmdg if

Theorems Donaldson 1987 Colette1988

LED induces a semisimplerepresentation pito X GLr C

if andonly if there
exists aunique H onewith Gq 0

The Donaldson-Corlette theorem











































A Higgsbundle on X is apair E y

E X holomorphicvector
bundle

YEM X E holomorphicsection

Higgs bundles
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Findharmonic
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Donaldson-Corlette reinterpreted











































StabilityconditionforHiggs
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Theorems Hitchin
1087 Simpson1988

A Higgsbundle E y is stable ifandonlyif
it admits

constant

a Hermitianmetric It suchthat
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The Hitchin equations

















































sable
sjijen.fm

solution.to

Higgendesi

Flat X

TL
Hitchr X FuintHiggsr XDonaldson

Y Simpson

Homltt.CXI.GL a
GLr Flat.CI HigeprlX

Nonabelian Hodge theory
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M g Ir Ir Is is a hyperhallemanifold

Hyperkähler structure

















































M g I Ir Is is a hyperhallemanifold

M g I Higgs XP Hitchin Simpson

Mg Ia Flats X Donaldson Colette

Hyperkähler structure
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Theorem Hitchin la determines an algebraicallyintegrablesystem

The Hitchin system
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The spectral correspondence
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lisi e and like f aredualabelianvarieties

SYZ Mirror Symmetry 


















































dealspecial
SYZdualityon Higgs

Flotar Flatow Lagrangian

Ark filmations

A branes Homological B branes
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Full Flatsu EmmettCohFlatpour
KapustinWitten200tf

GeometricLanglandsConjecture
DMod Bunster Beilinson Drinfeld 1990s

Homological Mirror Symmetry 
































Thanks for your 
attention


